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1. Some basic ideas 

Idempotent mathematics is based on replacing the usual arithmetic 
operations with a new set of basic operations (such as maximum or min- 
imum), that is on replacing numerical fields by idempotent semirings 
and semifields. Typical examples are given by the so-called max-plus 
algebra Rmax and the min-plus algebra Rmin- Let R be the field of real 
numbers. Then Rmax = R U {— cxd} with operations x(By = max{x, y} 
and X Q y = X + y. Similarly Rmin = R U {+00} with the operations 
© = min, = +. The new addition © is idempotent, i.e., x (B x = x 
for all elements x. 

Many authors (S. C. Kleene, S. N. N. Pandit, N. N. Vorobjev, B. A. 
Carre, R. A. Cuninghame-Green, K. Zimmermann, U. Zimmermann, 
M. Gondran, F. L. Baccelli, G. Cohen, S. Gaubert, G. J. Olsder, J.- 
P. Quadrat, and others) used idempotent semirings and matrices over 
these semirings for solving some applied problems in computer science 
and discrete mathematics, starting from the classical paper of S. C. 
Kleene [88]. The modern idempotent analysis (or idempotent calcu- 
lus, or idempotent mathematics) was founded by V. P. Maslov and his 
collaborators in the 1980s in Moscow; see, e.g., [96,119-124]. Some 
preliminary results are due to E. Hopf and G. Choquet, see [24,71]. 

Idempotent mathematics can be treated as a result of a dequan- 
tization of the traditional mathematics over numerical fields as the 
Planck constant h tends to zero taking imaginary values. This point of 
view was presented by G. L. Litvinov and V. P. Maslov [102-104], see 
also [110,111]. In other words, idempotent mathematics is an asymp- 
totic version of the traditional mathematics over the fields of real and 
complex numbers. 

The basic paradigm is expressed in terms of an idempotent corre- 
spondence principle. This principle is closely related to the well-known 
correspondence principle of N. Bohr in quantum theory. Actually, there 
exists a heuristic correspondence between important, interesting, and 
useful constructions and results of the traditional mathematics over 
fields and analogous constructions and results over idempotent semir- 
ings and semifields (i.e., semirings and semifields with idempotent ad- 
dition) . 

A systematic and consistent application of the idempotent correspon- 
dence principle leads to a variety of results, often quite unexpected. 
As a result, in parallel with the traditional mathematics over fields, 
its "shadow," the idempotent mathematics, appears. This "shadow" 
stands approximately in the same relation to the traditional mathe- 
matics as does classical physics to quantum theory, see Fig. ^ In many 
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Figure 1. Relations between idempotent and tradi- 
tional mathematics. 



respects idempotent mathematics is simpler than the traditional one. 
However the transition from traditional concepts and results to their 
idempotent analogs is often nontrivial. 

2. Semirings, semifields, and dequantization 

Consider a set S equipped with two algebraic operations: addition 
© and multiplication 0. It is a semiring if the following conditions are 
satisfied: 

• the addition ® and the multiplication © are associative; 

• the addition © is commutative; 

• the multiplication © is distributive with respect to the addition 

©: 

xQ {y® z) ^ {xQy)® {xQ z) and {x ® y) Q z ^ {x Q z) ® {y Q z) 
for all x,y,z & S. 

A unity of a semiring S is an element 1 G S* such that iQx = xQl = x 
for all X E S. A zero of a semiring S is an clement G S* such that 
7^ 1 and © x = x, © a; = a; © = for all a; G 5. A semiring S 
is called an idempotent semiring ii x ® x — x ior all x & S. A semiring 
S with neutral elements and 1 is called a semifield if every nonzero 
element of S is invertible. Note that dioi'ds in the sense of [9,67,68], 
quantales in the sense of [147, 148] , and inclines in the sense of [84] are 
examples of idempotent semirings. 

Let R be the field of real numbers and R+ the semiring of all non- 
negative real numbers (with respect to the usual addition and multipli- 
cation). The change of variables x u = hlnx, h > 0, defines a map 
^h' R+ — ><S' = RU{— oo}. Let the addition and multiplication oper- 
ations be mapped from R to by i.e., let u®hV — /iln(exp(u//i) -|- 
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Figure 2. Deformation of R+ to R^'*^ Inset: same for 
a small value of h. 

exp{v/h)), uQv = u + v,0 = -oo = $/i(0), 1 = = $^(1), so S has 
a structure of a semiring R*^'*-' isomorphic to R+; see Fig. |21 

It can easily be checked that u Q)h v ^ maxjw, as /i — and 
that 5* forms a semiring with respect to addition u (B v = max{u, v} 
and multiplication u Q v = u + v with zero = — oo and unit 1 = 0. 
Denote this semiring by Rmax; it is idempotent, i.e., uQ)u = u for all its 
elements. The semiring Rmax is actually a semifield. The analogy with 
quantization is obvious; the parameter h plays the role of the Planck 
constant, so R+ can be viewed as a "quantum object" and Rmax as the 
result of its "dequantization." A similar procedure (for h < 0) gives 
the semiring Rmin = R U {+cxd} with the operations © = min, © = +; 
in this case = +cxd, 1 = 0. The semirings Rmax and Rmin are isomor- 
phic. This passage to Rmax or Rmin is called the Maslov dequantization. 
It is clear that the corresponding passage from C or R to Rmax is gen- 
erated by the Maslov dequantization and the map x ^ \x\. By misuse 
of language, we shall also call this passage the Maslov dequantization. 
Connections with physics and the meaning of imaginary values of the 
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Planck constant are discussed below (Section 6) and in [110,111]. The 
idempotent semiring Ru{— oo}U{+oo} with the operations © = max, 
= min can be obtained as a result of a "second dequantization" of C. 
R or R_|_. Dozens of interesting examples of nonisomorphic idempotent 
semirings may be cited as well as a number of standard methods of de- 
riving new semirings from these (see, e.g., [26,64,66-70,104,110]). The 
so-called idempotent dequantization is a generalization of the Maslov 
dequantization; this is a passage from fields to idempotent semifields 
and semirings in mathematical constructions and results. 

The Maslov dequantization is related to the well-known logarithmic 
transformation that was used, e.g., in the classical papers of E. Schro- 
dinger [153] and E. Hopf [71]. The term ' Cole- Hopf transformation' is 
also used. The subsequent progress of E. Hopf 's ideas has culminated in 
the well-known vanishing viscosity method and the method of viscosity 
solutions, see, e.g., [10, 19, 54, 122, 125, 149, 167]. 



3. Terminology: Tropical semirings and tropical 

mathematics 

The term 'tropical semirings' was introduced in computer science to 
denote discrete versions of the max-plus algebra Rmax or min-plus alge- 
bra Rmin and their subalgebras; (discrete) semirings of this type were 
called tropical semirings by Dominic Perrin in honour of Imre Simon 
(who is a Brasilian mathematician and computer scientist) because of 
his pioneering activity in this area, see [140]. 

More recently the situation and terminology have changed. For the 
most part of modern authors 'tropical' means 'over Rmax (or Rmin)' 
and tropical semirings are idempotent semifields Rmax and Rmin- The 
terms 'max-plus' and 'min-plus' are often used in the same sense. Now 
the term 'tropical mathematics' usually means 'mathematics over Rmax 
or Rmin', see, e.g., [7,11,12,14,39,41,55,56,59,60,72-78,85,86,126- 
129, 131, 132, 134, 135, 146, 155, 156, 161-165, 169-171]. Terms 'tropical- 
ization' and 'tropification' (see, e.g., [87]) mean exactly dequantization 
and quantization in our sense. In any case, tropical mathematics is 
a natural and very important part of idempotent mathematics. Some 
well known constructions and results of idempotent mathematics were 
repeated in the framework of tropical mathematics (and especially trop- 
ical linear algebra). 

Note that in papers [174-176] N. N. Vorobjev developed a version of 
idempotent linear algebra (with important applications, e.g., to mathe- 
matical economics) and predicted many aspects of the future extended 
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theory. He used the terms 'extremal algebras' and 'extremal mathe- 
matics' for idempotent semirings and idempotent mathematics. Unfor- 
tunately, N. N. Vorobjev's papers and ideas were forgotten for a long 
period, so his remarkable terminology is not in use any more. 

4. Idempotent algebra and linear algebra 

The first known paper on idempotent linear algebra is due to S. Klee- 
ne [88] . Systems of linear algebraic equations over an exotic idempo- 
tent semiring of all formal languages over a fixed finite alphabet arc 
examined in this work; however, S. Kleene's ideas are very general and 
universal. Since then, dozens of authors investigated matrices with 
coefficients belonging to an idempotent semiring and the correspond- 
ing applications to discrete mathematics, computer science, computer 
languages, linguistic problems, finite automata, optimization problems 
on graphs, discrete event systems and Petry nets, stochastic systems, 
computer performance evaluation, computational problems etc. This 
subject is very well known and well presented in the corresponding lit- 
erature, sec, e.g., [9,17,18,21,25,28-30,44,62,64-70,84,93,96,102,104- 
107, 114, 115, 122, 174-177, 187]. 

Idempotent abstract algebra is not so well developed yet (on the 
other hand, from a formal point of view, the lattice theory and the 
theory of ordered groups and semigroups are parts of idempotent al- 
gebra). However, there are many interesting results and applications 
presented, e.g., in [29-31,81,147,148,154]. 

In particular, an idempotent version of the main theorem of alge- 
bra holds [31, 154] for radicable idempotent semifields (a semiring A is 
radicable if the equation x"' = a has a solution x E A ior any a E A 
and any positive integer n). It is proved that Rmax and other radicable 
semifields are algebraically closed in a natural sense [154]. 

Over the last years, tropical algebraic geometry attracted a lot of 
attention. This subject will be briefly discussed below (Section 11). 

5. Idempotent analysis 

Idempotent analysis was initially constructed by V. P. Maslov and 
his collaborators and then developed by many authors. The subject is 
presented in the book of V. N. Kolokoltsov and V. P. Maslov [96] (a 
version of this book in Russian [122] was published in 1994). 

Let S be an arbitrary semiring with idempotent addition © (which 
is always assumed to be commutative), multiplication 0, zero 0, and 
unit 1. The set S is supplied with the standard partial order :<: by 
definition, a :< b ii and only ii a ® b — b. Thus all elements of S are 
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nonnegative: ^ a for all a G S. Due to the existence of this order, 
idempotent analysis is closely related to the lattice theory, theory of 
vector lattices, and theory of ordered spaces. Moreover, this partial 
order allows to model a number of basic "topological" concepts and 
results of idempotent analysis at the purely algebraic level; this line of 
reasoning was examined systematically in [108-112] and [26]. 

Calculus deals mainly with functions whose values are numbers. The 
idempotent analog of a numerical function is a map X ^ S, where X 
is an arbitrary set and S is an idempotent semiring. Functions with 
values in S can be added, multiplied by each other, and multiplied by 
elements of S pointwise. 

The idempotent analog of a linear functional space is a set of 5*- 
valued functions that is closed under addition of functions and mul- 
tiplication of functions by elements of S, or an ^-semimodule. Con- 
sider, e.g., the 5'-semimodule B{X, S) of all functions X ^ S that are 
bounded in the sense of the standard order on S. 

If S* = Rmax, then the idempotent analog of integration is defined by 
the formula 



where G B{X, S). Indeed, a Riemann sum of the form '^Lp{xi) ■ a-i 



corresponds to the expression v^(a;j) Q ai = max{ip{xi) + <7i}, which 



tends to the right-hand side of (1) as ctj 0. Of course, this is a purely 
heuristic argument. 

Formula (1) defines the idempotent (or Maslov) integral not only for 
functions taking values in Rmax, but also in the general case when any 
of bounded (from above) subsets of S has the least upper bound. 

An idempotent (or Maslov) measure on X is defined by m^p{Y) = 
supiplx), where ip G B{X,S), Y <0 X. The integral with respect to 

this measure is defined by 



Obviously, if 5" = Rmiiu then the standard order ^ is opposite to the 
conventional order <, so in this case equation (2) assumes the form 



where inf is understood in the sense of the conventional order <. 




(1) 



I,p{(p) = / ip{x)dm^= / (f{x)&ip{x)dx^su-p{ip{x)&ip{x)). (2) 
Jx J X xex 
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Note that the so-called pseudo-analysis (see, e.g., the survey paper 
of E. Pap [138]) is related to a special part of idempotent analysis; 
however, this pseudo- analysis is not a proper part of idempotent math- 
ematics in the general case. Some generalizations of Maslov measures 
are discussed in [89,137]. 

6. The superposition principle and linear problems 

Basic equations of quantum theory are linear; this is the superposi- 
tion principle in quantum mechanics. The Hamilton-Jacobi equation, 
the basic equation of classical mechanics, is nonlinear in the conven- 
tional sense. However, it is linear over the semirings Rmax and Rmin- 
Similarly, different versions of the Bellman equation, the basic equation 
of optimization theory, are linear over suitable idempotent semirings; 
this is V. P. Maslov's idempotent superposition principle, see [119-123]. 
For instance, the finite-dimensional stationary Bellman equation can be 
written in the form X — H QX (BF, where X, H, F are matrices with 
coefficients in an idempotent semiring S and the unknown matrix X 
is determined by H and F [20]. In particular, standard problems of 
dynamic programming and the well-known shortest path problem cor- 
respond to the cases S = Rmax and S = Rmin, respectively. In [20], 
it was known that principal optimization algorithms for finite graphs 
correspond to standard methods for solving systems of linear equations 
of this type (over semirings). Specifically, Bellman's shortest path algo- 
rithm corresponds to a version of Jacobi's algorithm. Ford's algorithm 
corresponds to the Gauss-Seidel iterative scheme, etc. 

The linearity of the Hamilton-Jacobi equation over Rmin and Rmax, 
which is the result of the Maslov dequantization of the Schrodinger 
equation, is closely related to the (conventional) linearity of the Schro- 
dinger equation and can be deduced from this linearity. Thus, it is 
possible to borrow standard ideas and methods of linear analysis and 
apply them to a new area. 

Consider a classical dynamical system specified by the Hamiltonian 

N 2 

H = H{p,x) = J2^ + V{x), 
i=i ^"^^ 

where x — {xi, . . . , xm) are generalized coordinates, p — (pi, . . . ,pn) 
are generalized momenta, rrii are masses, and V{x) is the potential. In 
this case the Lagrangian L{x, x, t) has the form 

TV . 9 

L{x, x,t)^^ m~ - V{x), 
1=1 
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where x = {xi, . . . , xn), Xi = dxi/dt. The value function S{x, t) of the 
action functional has the form 



where the integration is performed along the factual trajectory of the 
system. The classical equations of motion are derived as the stationar- 
ity conditions for the action functional (the Hamilton principle, or the 
least action principle). 

For fixed values of t and to and arbitrary trajectories x{t), the action 
functional S — S{x{t)) can be considered as a function taking the set of 
curves (trajectories) to the set of real numbers which can be treated as 
elements of Rmin- In this case the minimum of the action functional can 
be viewed as the Maslov integral of this function over the set of trajec- 
tories or an idempotent analog of the Euclidean version of the Feynman 
path integral. The minimum of the action functional corresponds to the 
maximum of , i.e. idempotent integral /jp^i^j^j e^^^^^*^^ D{x{t)} with 
respect to the max-plus algebra Rmax- Thus the least action principle 
can be considered as an idempotent version of the well-known Feynman 
approach to quantum mechanics. The representation of a solution to 
the Schrodinger equation in terms of the Feynman integral corresponds 
to the Lax-Olemik solution formula for the Hamilton-Jacobi equation. 

Since dS/dxi = pi, dS/dt — —H{p,x), the following Hamilton- 
Jacobi equation holds: 



Quantization (see, e.g., [48]) leads to the Schrodinger equation 



where ip — ip{x,t) is the wave function, i.e., a time-dependent element 
of the Hilbert space L2(R^), audi/ is the energy operator obtained by 
substitution of the momentum operators Pi = and the coordinate 
operators Xi: ip ^ Xiijj for the variables pi and Xi in the Hamilton- 
ian function, respectively. This equation is linear in the conventional 
sense (the quantum superposition principle). The standard procedure 
of limit transition from the Schrodinger equation to the Hamilton- 
Jacobi equation is to use the following ansatz for the wave function: 
'ip{x,t) = a{x,t)e'^^^^'^^^^, and to keep only the leading order as ^ ^ 
(the 'semiclassical' limit). 




to 




(3) 



'i'dt 



Hip = H{pi,Xi)ip, 



(4) 
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Instead of doing this, we switch to imaginary values of the Planck 
constant h by the substitution h — ih, assuming h > 0. Thus the 
Schrodinger equation (4) turns to the following generalized heat equa- 
tion: 

du / d \ 
h— — H I —h— — , Xi ) u, (5) 



dt \ dxi 

where the real- valued function u corresponds to the wave function 
(or, rather, to |'?/'|)- A similar idea (the switch to imaginary time) is 
used in the Euclidean quantum field theory (see, e.g., [130]); let us 
remember that time and energy are dual quantities. 

Linearity of equation (4) implies linearity of equation (5). Thus if 
Ui and U2 are solutions of (5), then so is their linear combination 

u = XiUi + X2U2. (6) 

Let S = hlnu or u = e^^^ as in Section 2 above. It can easily be 
checked that equation (5) thus turns to 

ds . ^ 1 fdsV 1 d^s 

a^ = ^(-) + 2:^^a^J (7) 

Thus we have a passage from (4) to (7) by means of the change of 
variables = e^^'^. Note that \ip\ = e^^'^'^/'* , where ReS* is the real 
part of S. Now let us consider 5* as a real variable. The equation (7) 
is nonlinear in the conventional sense. However, if Si and 5*2 are its 
solutions, then so is the function 

S^XiQ Si®hX2 S2 

obtained from (6) by means of our substitution S — hlnu. Here the 
generalized multiplication coincides with the ordinary addition and 

the generalized addition (Bh is the image of the conventional addition 
under the above change of variables. As h ^ 0, we obtain the oper- 
ations of the idempotent semiring Rmax, i-e., © = max and = +, 
and equation (7) turns to the Hamilton-Jacobi equation (3), since the 
third term in the right-hand side of equation (7) vanishes. 

Thus it is natural to consider the limit function S = XiQ Si® X2& S2 
as a solution of the Hamilton-Jacobi equation and to expect that this 
equation can be treated as linear over Rmax- This argument (clearly, 
a heuristic one) can be extended to equations of a more general form. 
For a rigorous treatment of (semiring) linearity for these equations 
see [52,96, 122, 123] and also [120]. Notice that if h is changed to -h, 
then we have that the resulting Hamilton-Jacobi equation is linear over 
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The idempotent superposition principle indicates that there exist 
important nonhnear (in the traditional sense) problems that are linear 
over idempotent semirings. The liner idempotent functional analysis 
(see below) is a natural tool for investigation of those nonlinear infinite- 
dimensional problems that possess this property. 

7. Convolution and the Fourier-Legendre transform 

Let G be a group. Then the space B{X, Rmax) oi all bounded func- 
tions G Rmax (see above) is an idempotent semiring with respect to 
the following analog ® of the usual convolution: 



(</?(x) ® ■0)(5') = / ^{x)<c)'^{x ^ ■ g) dx = ^^^{/^{x) -\- ip{x ^ ■ g))- 



Of course, it is possible to consider other "function spaces" (and other 
basic semirings instead of Rmax)- In [96,122] "group semirings" of this 
type are referred to as convolution semirings. 

Let G = R", where R" is considered as a topological group with re- 
spect to the vector addition. The conventional Fourier-Laplace trans- 
form is defined as 



where e*^'^ is a character of the group G, i.e., a solution of the following 
functional equation: 



so "continuous idempotent characters" are linear functions of the form 
X ^ ■ X = ^iXi -!-■■■ + in^n- As a result, the transform in (8) assumes 
the form 



ip{x) >—>■ ip{^) = / ^ ■ X Q ip{x) dx = sup{^ ■ X + ip{x)). (9) 



The transform in (9) is nothing but the Legendre transform (up to some 
notation) [121]; transforms of this kind establish the correspondence 
between the Lagrangian and the Hamiltonian formulations of classical 
mechanics. The Legendre transform generates an idempotent version 
of harmonic analysis for the space of convex functions, see, e.g., [118]. 

Of course, this construction can be generalized to different classes 
of groups and semirings. Transformations of this type convert the 
generalized convolution ® to the pointwise (generalized) multiplication 
and possess analogs of some important properties of the usual Fourier 
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transform. For the case of semirings of Pareto sets, the corresponding 
version of the Fourier transform reduces the multicriterial optimization 
problem to a family of singlecriterial problems [152]. 

The examples discussed in this sections can be treated as fragments 
of an idempotent version of the representation theory, see, e.g., [111]. 
In particular, "idempotent" representations of groups can be exam- 
ined as representations of the corresponding convolution semirings (i.e. 
idempotent group semirings) in semimodules. 

8. Correspondence to stochastics and a duality between 



Maslov measures are nonnegativc (in the sense of the standard order) 
just as probability measures. The analogy between idempotent and 
probability measures leads to important relations between optimiza- 
tion theory and probability theory. By the present time idempotent 
analogues of many objects of stochastic calculus have been constructed 
and investigated, such as max-plus martingales, max-plus stochastic 
differential equations, and others. These results allow, for example, to 
transfer powerful stochastic methods to the optimization theory. This 
was noticed and examined by many authors (G. Salut, P. Del Moral, 
M. Akian, J.-P. Quadrat, V. P. Maslov, V. N. Kolokohsov, P. Bern- 
hard, W. A. Fleming, W. M. McEneaney, A. A. Puhalskii and others), 
see the survey paper of W. A. Fleming and W. M. McEneaney [53] 
and [1, 6, 13, 28, 35-38, 50-52, 69, 122, 141, 143, 144]. For relations and 
applications to large deviations see [1,35-38,142] and especially the 
book of A. A. Puhalskii [141]. 



Many other idempotent analogs may be given, in particular, for basic 
constructions and theorems of functional analysis. Idempotent func- 
tional analysis is an abstract version of idempotent analysis. For the 
sake of simphcity take -S" = Rmax and let X be an arbitrary set. The 
idempotent integration can be defined by the formula (1), see above. 
The functional /(9?) is linear over S and its values correspond to lim- 
iting values of the corresponding analogs of Lebesgue (or Riemann) 
sums. An idempotent scalar product of functions </? and is defined 
by the formula 
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9. Idempotent functional analysis 




ip{x) %l)[x) dx — sup((^(a;) 4>{x)). 
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So it is natural to construct idempotent analogs of integral operators 
in the form 



v{y) ^ {K(p){x) = / K{x, y)Qip{y) dy = snp{K{x, y)+(p{y)}, (10) 



where ip{y) is an element of a space of functions defined on a set Y, 
and K{x,y) is an S'-valued function on X x Y. Of course, expressions 
of this type are standard in optimization problems. 

Recall that the definitions and constructions described above can 
be extended to the case of idempotent semirings which are condition- 
ally complete in the sense of the standard order. Using the Maslov 
integration, one can construct various function spaces as well as idem- 
potent versions of the theory of generalized functions (distributions). 
For some concrete idempotent function spaces it was proved that every 
'good' linear operator (in the idempotent sense) can be presented in 
the form (10); this is an idempotent version of the kernel theorem of 
L. Schwartz; results of this type were proved by V. N. Kolokoltsov, 
P. S. Dudnikov and S. N. Samborskii, I. Singer, M. A. Shubin and oth- 
ers, sec, e.g., [44,96,122,123,158]. So every 'good' linear functional can 
be presented in the form ip h->- ((^, ■0), where (, ) is an idempotent scalar 
product. 

In the framework of idempotent functional analysis results of this 
type can be proved in a very general situation. In [108-112] an alge- 
braic version of the idempotent functional analysis is developed; this 
means that basic (topological) notions and results are simulated in 
purely algebraic terms. The treatment covers the subject from basic 
concepts and results (e.g., idempotent analogs of the well-known theo- 
rems of Hahn-Banach, Riesz, and Ricsz-Fishcr) to idempotent analogs 
of A. Grothendieck's concepts and results on topological tensor prod- 
ucts, nuclear spaces and operators. An abstract version of the kernel 
theorem is formulated. Note that the passage from the usual theory 
to idempotent functional analysis may be very nontrivial; for exam- 
ple, there are many non-isomorphic idempotent Hilbert spaces. Impor- 
tant results on idempotent functional analysis (duahty and separation 
theorems) are recently published by G. Cohen, S. Gaubert, and J.- 
P. Quadrat [26]; see also a finite dimensional version of the separation 
theorem in [183] . Idempotent functional analysis has received much at- 
tention in the last years, see, e.g., [2-5,27,68,105,113,149,158,159,178] 
and works cited above. 
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10. The dequantization transform and generalization of 

THE Newton polytopes 

In this section we briefly discuss results proved in the paper [113]. 
For functions defined on C" almost everywhere (a.w.) it is possible to 

construct a dequantization transform / — ^ / generated by the Maslov 
dequantization. If / is a polynomial, then the subdifFerential df of / at 
the origin coincides with the Newton polytope of /. For the semiring 
of polynomials with nonnegative coefficients, the dequantization trans- 
form is a homomorphism of this semiring to the idempotent semiring 
of convex polytopes with respect to the well-known Minkovski opera- 
tions. These results can be generalized to a wide class of functions and 
convex sets. 

10.1. The dequntization transform. Let X be a topological space. 
For functions f{x) defined on X we shall say that a certain assertion 
is valid almost everywhere (a.e.) if it is valid for all elements x of 
an open dense subset of X. Suppose X is C" or R"; denote by R" 
the set X — { (,xi, . . . , x„) G X \ xi > for i = 1,2, ... , n}. For 
X — {xi, . . . ,Xn) E X wc set exp(a;) = (exp(a;i), . . . , exp(a;„)); so if 
x e R", then exp(a;) G R" . 

Denote by .F(C") the set of all functions defined and continuous on 
an open dense subset U C C" such that U D R!|:. In all the examples 
below we consider even more regular functions, which are holomorphic 
in U. It is clear that J-'{C"') is a ring (and an algebra over C) with 
respect to the usual addition and multiplications of functions. 

For / e J^{C") let us define the function fh by the following formula: 

fl{x)^hlog\f{eM^/h))\, (11) 
where /i is a (small) real parameter and x e R". Set 

f{x) = hmk{x), (12) 

h—^0 

if the right-hand part of (12) exists almost everywhere. We shall say 
that the function f{x) is a dequantization of the function f{x) and the 
map f{x) f{x) is a dequantization transform. By construction, fh{x) 
and f{x) can be treated as functions taking their values in Rmax- Note 
that in fact //j(.x) and /(,r) depend on the restriction of / to R!f: only; 
so in fact the dequantization transform is constructed for functions 
defined on R" only. It is clear that the dequantization transform is 
generated by the Maslov dequantization and the map a; h- > |a;|. Of 
course, similar definitions can be given for functions defined on R"^ and 
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Denote by V the set R" treated as a linear Euclidean space (with 
the scalar product {x, y) — XiUi + X2y2 H — • + XnUn) ^-nd set V+ — R" . 
We shall say that a function / G ^(C") is dequantizable whenever its 
dequantization f{x) exists (and is defined on an open dense subset of 
V). By ©(C") denote the set of all dequantizable functions and by 
V{V) denote the set { / | / G ©(C") }. Recall that functions from 
©(C") (and V{V)) are defined almost everywhere and f — g means 
that f{x) — g{x) a.e., i.e., for x ranging over an open dense subset of 
(resp., of V). Denote by ^+(0") the set of all functions / e V{C'^) 
such that /(xi, . . . , Xn) > if > for i = 1, . . . , n; so / G 'D+(C") if 
the restriction of / to = R" is a nonnegative function. By Vj^iV) 
denote the image of r'+(C") under the dequantization transform. We 
shall say that functions f,g& 15(0") are in general position whenever 
f[x) 7^ ^{x) for X running an open dense subset of V. 

For functions f,g& 2?(C") and any nonzero constant c, the following 
equations are valid: 

1) Tg = f + g; 

2) |/W;5=/; c = 0; 

3) {f + g){x) = max{/(x), ^(x)} a.e. if / and g are nonnegative 
on V+ (i.e., f,gE ©+(0")) or / and g are in general position. 

Left-hand sides of these equations are well-defined automatically. 

The set I>+(C") has a natural structure of a semiring with respect to 
the usual addition and multiplication of functions taking their values in 
C. The set Vj^iV) has a natural structure of an idempotent semiring 
with respect to the operations (/ © g){x) = max{/(,T), (?(,t)}, (/ 
g){x) = f{x) + g{x); elements of V^^V) can be naturally treated as 
functions taking their values in Rmax- The dequantization transform 
generates a homomorphism from D+(C") to V+CV). 

10.2. Simple functions. For any nonzero number a G C and any vec- 
tor d = {di, . . . , dn) V = R" wc set ma,d{x) = a YYi=i ^t'^ functions 
of this kind we shall call generalized monomials. Generalized monomi- 
als are defined a.e. on C" and on V^, but not on V unless the numbers 
di take integer or suitable rational values. We shall say that a function 
/ is a generalized polynomial whenever it is a finite sum of linearly in- 
dependent generalized monomials. For instance, Laurent polynomials 
are examples of generalized polynomials. 

As usual, for x,y & V we set {x, y) = xiyi -|- • • • -|- Xnyn- It is easy 
to prove that if / is a generalized monomial ma^d(x), then / is a linear 
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function x >—>■ [d,x). If / is a generalized polynomial, then / is a 
sublinear function. 

Recall that a real function p defined on V = R" is sublinear if 
p = sup^pa, where {pa} is a collection of linear functions. Sublin- 
ear functions defined everywhere on V = R" are convex; thus these 
functions are continuous. We discuss sublinear functions of this kind 
only. Suppose p is a continuous function defined on V, then p is sub- 
linear whenever 

1) p{x + y) < p{x) + p{y) for all x,y E V] 

2) p{cx) = cp{x) for all X E V, c E R+. 

So if pi, P2 are sublinear functions, thenpi-|-p2 is a sublinear function. 

We shall say that a function / e ^(C") is simple, if its dequanti- 
zation / exists and a.e. coincides with a sublinear function; by misuse 
of language, we shall denote this (uniquely defined verywhere on V) 
sublinear function by the same symbol /. 

Recall that simple functions / and g are in general position if f{x) ^ 
g{x) for all X belonging to an open dense subset of V . In particular, 
generalized monomials are in general position whenever they are lin- 
early independent. 

Denote by SimiC^^) the set of all simple functions defined on V and 
denote by 5im+(C") the set 5zm(C")nP+(C"). By Shl{V) denote the 
set of all (continuous) sublinear functions defined onV — R" and by 

Shlj^{V) denote the image Sim+{(J^) of Sim+{C^) under the dequan- 
tization transform. 

The set Sim^iC^) is a subsemiring of P+(C") and Shl^{V) is an 
idempotent subsemiring of Vj^iV). The dequantization transform gen- 
erates an epimorphism of 5'm+(C") onto Shl^iy). The set Shl{V) is 
an idempotent semiring with respect to the operations (/ © g) {x) — 
may.{f{x),g{x)}, {f Q g){x) = f(x) + g(x). 

Of course, polynomials and generalized polynomials are simple func- 
tions. 

We shall say that functions f,gE T>{V) arc asymptotically equivalent 
whenever f = 'g; any simple function / is an asymptotic monomial 
whenever / is a linear function. A simple function / will be called 
an asymptotic polynomial whenever / is a sum of a finite collection of 
nonequivalent asymptotic monomials. Every asymptotic polynomial is 
a simple function. 

Example. Generalized polynomials, logarithmic functions of (gen- 
eralized) polynomials, and products of polynomials and logarithmic 
functions are asymptotic polynomials. This follows from our defini- 
tions and formula (11). 
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10.3. Subdifferentials of sublinear functions and Newton sets 
for simple functions. It is well known that all the convex compact 
subsets in R" form an idcmpotcnt semiring S with respect to the 
Minkowski operations: for A,B E S the sum A (B B is the convex 
hull of the union AU B; the product AQ B is defined in the following 
way: A Q B — {x \ x — a + b, where a e A,b e B}. In fact S is 
an idempotent linear space over Rmax (see. e.g.. [110]). Of course, the 
Newton polytopes in V form a subsemiring A/" in S. 

We shall use some elementary results from convex analysis. These 
results can be found, e.g., in [118]. 

For any function p e Sbl{V) we set 

dp = {v G V \ {v , x) < p{x) \/x E V }. 

It is well known from convex analysis that for any sublinear func- 
tion p the set dp is exactly the subdifferential of p at the origin. The 
following proposition is also known in convex analysis. 

Proposition 1. Suppose pi,p2 G Sbl{V), then 

d{pi + P2) = dpi dp2 = 
{v & V \ V — Vi + V2, where Vi G dpi,V2 G dp2 }; 
d(msiK{pi{x),p2{x)}) = dpi © dp2. 

Suppose p G Sbl{V). Then dp is a nonempty convex compact subset 
ofV. 

Corollary 1. The map p ^ dp is a homomorphism of the idempotent 
semiring Sbl{V) to the idempotent semiring S of all convex compact 
subsets of V. 

For any simple function / G Sim{C") let us denote by N{f) the set 
d{f). We shall call N{f) the Newton set of the function /. It follows 
from this proposition that for any simple function /, its Newton set 
N{f) is a nonempty convex compact subset of V. 

Theorem. Suppose that f and g are simple functions. Then 

1) N{fg) = N{f) N{g) ^ {v e V \ v ^ Vi + V2 with Vi G 
N{f),V2eN{g)}; 

2) N{f + g) = N{f)(BN{g), if fi and f2 are in general position or 
/i,/2 G Sim+{C"') {recall that N{f) ® N{g) is the convex hull 
ofN{f)UN{g)). 

Corollciry 2. The map f 1— > N{f) generates a homomorphism from 
Sim+iC) to S. 
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Proposition 2. Let f = ma,d{x) = aYYi=iXi' be a generalized mono- 
mial; here d — {di, . . . ,dn) & V — R" and a is a nonzero complex 
number. Then N{f) — {d}. 

Corollciry 3. Let f — ^^^d ^a^^ be a generalized polynomial. Then 
N{f) is the polytope ®deD{d}, i.e. the convex hull of the finite set D. 

This statement follows from Theorem and Proposition 2. Thus in 
this case N{f) is the well-known classical Newton polytope of the poly- 
nomial /. 

Now the following corollary is obvious. 

Corollary 4. Let f be a generalized or asymptotic polynomial. Then 

its Newton set N{f) is a convex polytope. 

Example. Consider the one dimensional case, i.e., V = H and 
suppose /i = a^x" + a„_ix"^^ + • • ■ + and /2 = b^x"^ + bm-ix"^~^ + 
• • • -I- 6o, where a„ 7^ 0, 6^ 7^ 0, ao 7^ 0, 60 7^ 0. Then A^(/i) is the 
segment [0, n] and A^(/2) is the segment [0,m]. So the map / 1— > N{f) 
corresponds to the map / 1-^ deg(/), where deg(/) is a degree of the 
polynomial /. In this case Theorem means that dcg(fg) = deg /+deg g 
and deg(/ + g) = max{deg /, degg} = max{n, m} if a, > 0, 6^ > or 
/ and g are in general position. 

11. Dequantization of geometry 

An idempotent version of real algebraic geometry was discovered 
in the report of O. Viro for the Barcelona Congress [172]. Starting 
from the idempotent correspondence principle O. Viro constructed a 
piecewise-linear geometry of polyhedra of a special kind in finite di- 
mensional Euchdean spaces as a result of the Maslov dequantization 
of real algebraic geometry. He indicated important applications in real 
algebraic geometry (e.g., in the framework of Hilbert's 16th problem 
for constructing real algebraic varieties with prescribed properties and 
parameters) and relations to complex algebraic geometry and amoebas 
in the sense of 1. M. Gelfand, M. M. Kapranov, and A. V. Zelevinsky 
(see their book [61] and [173]). Then complex algebraic geometry was 
dequantized by G. Mikhalkin and the result turned out to be the same; 
this new 'idempotent' (or asymptotic) geometry is now often called the 
tropical algebraic geometry, see, e.g., [47,72,126-129,146,155,164,166]. 

There is a natural relation between the Maslov dequantization and 
amoebas. Suppose (C*)'^ is a complex torus, where C* = C\{0} is 
the group of nonzero complex numbers under multiplication. For z — 
{zi,. . . ,Zn) e (C*)" and a positive real number h denote by Log^(2;) = 
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Figure 3. A tropical line and amoebas. 

/i log (1 2; I) the element 

{h\og \zi\,h\og \z2\, . . . ,hlog \zn\) e R". 

Suppose V C (C*)" is a complex algebraic variety; denote by AhiV) the 
set Logf^iy). If h = 1, then the set AiV) = Ai{V) is called the amoeba 
of V in the sense of [61], see also [7,126,128,129,139,155,161,173]; the 
amoeba w4(\^) is a closed subset of R" with a non-empty complement. 
Note that this construction depends on our coordinate system. 

For the sake of simplicity suppose is a hypersurface in (C*)" de- 
fined by a polynomial /; then there is a deformation h fh of this 
polynomial generated by the Maslov dequantization and fh = f for 
h = 1. Let Vh C (C*)" be the zero set of fh and set AhiVh) = 
LoghiVh). Then there exists a tropical variety TroiV) such that the 
subsets AhiVh) C R"" tend to TroiV) in the Hausdorff metric as /i — >• 0, 
see [126,151]. The tropical variety Tro{V) is a result of a deformation 
of the amoeba ^(V^) and the Maslov dequantization of the variety V. 
The set Tro{V) is called the skeleton of AiV). 

Example [126]. For the line V = {{x,y) e {C*f \ x + y+l = 0} 
the piecewise-linear graph Tro{V) is a tropical line, see Fig. lTlT a). The 
amoeba A{V) is represented in Fig. ITlT b). while Fig. ITlT c) demon- 
strates the corresponding deformation of the amoeba. 

In the important paper [80] (see also [47, 126, 128, 146]) tropical va- 
rieties appeared as amoebas over non-Archimedean fields. In 2000 
M. Kontsevich noted that it is possible to use non-Arhimedean amoe- 
bas in enumerative geometry, see [126, section 2.4, remark 4]. In fact 
methods of tropical geometry lead to remarkable applications to the 
algebraic enumerative geometry, Gromov-Witten and Welschinger in- 
variants, see [59,72-75,126-129,155,156]. In particular, G. Mikhalkin 
presented and proved in [127, 129] a formula enumerating curves of ar- 
bitrary genus in toric surfaces. See also the papers [60,72,73,131,155]. 
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Last time many other papers on tropical algebraic geometry and its 
applications to the conventional (e.g., complex) algebraic geometry and 
other areas appeared, see, e.g., [7, 55, 56, 76, 131, 134, 135, 168, 169, 171]. 
The thing is that some difficult traditional problems can be reduced to 
their tropical versions which are hopefully not so difficult. 

Note that tropical geometry is closely related to the well-known pro- 
gram of M. Kontsevich and Y. Soibelman, see, e.g., [98,99]. 

There is an introductory paper [146] (see also [166]) on tropical al- 
gebraic geometry. However, on the whole, only first steps in idempo- 
tent / tropical geometry have been made and the problem of systematic 
construction of idempotent versions of algebraic and analytic geome- 
tries is still open. 



12. The correspondence principle for algorithms and 

THEIR computer IMPLEMENTATIONS 

There are many important applied algorithms of idempotent math- 
ematics, see, e.g., [9,18,21,30,31,49,52,53,67-69,72,84,87,93,96,102, 
104, 106, 107, 114-116, 127, 129, 146, 150, 166, 174-176, 179, 186, 187]. 

The idempotent correspondence principle is valid for algorithms as 
well as for their software and hardware implementations [102-104,106, 
107]. In particular, according to the superposition principle, analogs 
of linear algebra algorithms are especially important. It is well-known 
that algorithms of linear algebra are convenient for parallel computa- 
tions; so their idempotent analogs accept a parallelization. This is a 
regular way to use parallel computations for many problems including 
basic optimization problems. It is convenient to use universal algo- 
rithms which do not depend on a concrete semiring and its concrete 
computer model. Software implementations for universal semiring al- 
gorithms are based on object-oriented and generic programming; pro- 
gram modules can deal with abstract (and variable) operations and 
data types, see [102, 104, 106, 107, 116]. 

The most important and standard algorithms have many hardware 
implementations in the form of technical devices or special processors. 
These devices often can be used as prototypes for new hardware units 
generated by substitution of the usual arithmetic operations for its 
semiring analogs, see [102,104,107]. Good and efficient technical ideas 
and decisions can be transposed from prototypes into new hardware 
units. Thus the correspondence principle generates a regular heuristic 
method for hardware design. 
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13. Idempotent interval analysis 

An idempotent version of the traditional interval analysis is pre- 
sented in [114, 115]. Let S be an idempotent semiring equipped with 
the standard partial order. A closed interval in 5" is a subset of the 
form X = [x, x] = {x G I X ^ a; ^ x}, where the elements x ^ x 
are called lower and upper bounds of the interval x. A weak interval 
extension I{S) of the semiring S is the set of all closed intervals in S 
endowed with operations ® and defined asx©y = [x©y,x©y], 
X y = [x y, X y] ; the set I{S) is a new idempotent semiring with 
respect to these operations. It is proved that basic interval problems 
of idempotent linear algebra are polynomial, whereas in the traditional 
interval analysis problems of this kind are generally NP-hard. Exact 
interval solutions for the discrete stationary Bellman equation (see the 
matrix equation discussed in section 8 above) and for the corresponding 
optimization problems are constructed and examined by G. L. Litvi- 
nov and A. N. Sobolevskii in [114, 115]. Similar results are presented 
by K. Cechlarova and R. A. Cuninghame- Green in [22]. 

14. Relations to the KAM theory and optimal transport 

The subject of the Kolmogorov-Arnold-Moscr (KAM) theory may 
be formulated as the study of invariant subsets in phase spaces of nonin- 
tegrable Hamiltonian dynamical systems where the dynamics displays 
the same degree of regularity as that of integrable systems (quasiperi- 
odic behaviour). Recently, a considerable progress was made via a vari- 
ational approach, where the dynamics is specified by the Lagrangian 
rather than Hamiltonian function. The corresponding theory was ini- 
tiated by S. Aubry and J. N. Mather and recently dubbed weak KAM 
theory by A. Fathi (see his monograph "Weak KAM Theorems in La- 
grangian Dynamics," in preparation, and also [82,83,159,160]). Mini- 
mization of a certain functional along trajectories of moving particles 
is a central feature of another subject, the optimal transport theory, 
which also has undergone a rapid recent development. This theory 
dates back to G. Mongc's work on cuts and fills (1781). A modern 
version of the theory is known now as the so-called Monge-Ampere- 
Kantorovich (MAK) optimal transport theory (after the work of L. Kan- 
torovich [79]). There is a similarity between the two theories and 
there are relations to problems of the idempotent functional analysis 
(e.g., the problem of eigenfunctions for "idempotent" integral opera- 
tors, see [159]). Applications of optimal transport to data processing 
in cosmology are presented in [15,58]. 



22 



G. L. LITVINOV 



15. Relations to logic, fuzzy sets, and possibility theory 

Let S be an idcmpotent semiring with neutral elements and 1 
(recall that 7^ 1, see section 2 above). Then the Boolean algebra 
B = {0, 1} is a natural idempotent subsemiring of S. Thus S can 
be treated as a generahzed (extended) logic with logical operations © 
(disjuction) and (conjunction). Ideas of this kind are discussed in 
many books and papers with respect to generalized versions of logic 
and especially quantum logic, see, e.g., [42,64,90,147,148]. 

Let Q be the so-called universe consisting of "elementary events." 
Denote by J-'{S) the set of functions defined on Q and taking their 
values in S; then J-'{S) is an idempotent semiring with respect to the 
pointwise addition and multiplication of functions. We shall say that 
elements of J-'{S) are generalized fuzzy sets, see [64, 100]. We have 
the well-known classical definition of fuzzy sets (L. A. Zadch [180]) if 
S* = P, where P is the segment [0, 1] with the semiring operations 
© = max and = min. Of course, functions from J-'{P) taking their 
values in the Boolean algebra B = {0, 1} C P correspond to traditional 
sets from Q and semiring operations correspond to standard operations 
for sets. In the general case functions from J-'{S) taking their values in 
B = {0, 1} C 5* can be treated as traditional subsets in Q. If 5* is a 
lattice (i.e. x Qy — inf{x, y} and x (By = sup{x, y}), then generalized 
fuzzy sets coincide with L-fuzzy sets in the sense of J. A. Gogucn [63]. 
The set I{S) of intervals is an idempotent semiring (see section 11), so 
elements of J-'{I{S)) can be treated as interval (generalized) fuzzy sets. 

It is well known that the classical theory of fuzzy sets is a basis for 
the theory of possibility [43, 181]. Of course, it is possible to develop a 
similar generalized theory of possibility starting from generalized fuzzy 
sets, see, e.g., [43,90,100]. Generalized theories can be noncommu- 
tative; they seem to be more qualitative and less quantitative with 
respect to the classical theories presented in [180, 181]. We see that 
idempotent analysis and the theories of (generalized) fuzzy sets and 
possibility have the same objects, i.e. functions taking their values in 
semirings. However, basic problems and methods could be different for 
these theories (like for the measure theory and the probability theory) . 

16. Relations to other areas and miscellaneous 

applications 

Many relations and applications of idempotent mathematics to dif- 
ferent theoretical and applied areas of mathematical sciences are dis- 
cussed above. Of course, optimization and optimal control problems 
form a very natural field for applications of ideas and methods of 
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idempotent mathematics. There is a very good survey paper [93] of 
V. N. Kolokoltsov on the subject, see also [9,18,21,25,28-31,35,37,38, 
50-53, 67-69, 102, 104, 114, 115, 117, 119-124, 144, 174-176, 179, 186, 187]. 

There are many apphcations to differential equations and stochastic 
differential equations, see, e.g., [50-53,69,91,92,94,96,119-123,138, 
159,160]. 

Applications to the game theory are discussed, e.g., in [95,96,122]. 
There are interesting applications in biology (bioinformatics) , see, e.g., 
[49,135,150]. Applications and relations to mathematical morphology 
are examined the paper [38] of P. Del Moral and M. Doisy and especially 
in an extended preprint version of this article. There are many relations 
and applications to physics (quantum and classical physics, statistical 
physics, cosmology etc.) see, e.g.. Section 6 above and [23,92,96,110, 
111,117,133,145]. 

There are important relations and applications to purely mathe- 
matical areas. The so-called tropical combinatorics is discussed in a 
large survey paper [87] of A. N. Kirillov, see also [18, 187]. Inter- 
esting applications of tropical semirings to the traditional represen- 
tation theory are presented in [11,12,87]. Tropical mathematics is 
closely related to the very attractive and popular theory of cluster 
algebras founded by S. Fomin and A. Zelevinsky, see their survey pa- 
per [57]. In both cases there are relations with the traditional the- 
ory of representations of Lie groups and related topics. There are 
important relations with convex analysis and discrete convex analy- 
sis, see, e.g., [2,27,30,32,40,113,118,123,157,183-185]. Some results 
on complexity of idempotent /tropical calculations can be found, e.g., 
in [86, 114, 115, 170]. Interesting applications of tropical algebra to the 
theory of braids and the Yang-Baxter mappings (in the sense of [16]) 
can be found in [34,45,46]. 

Many authors examine, explicitly or not, relations and applications 
of idempotent mathematics to mathematical economics starting from 
the classical papers of N. N. Vorobjev [174-176], see, e.g., [33,95,123, 
182,187]. 
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AHamojiuw Mouceeeuny Bepmuny c eocxuinenueM u 6MazodapHocmhm 

Ahhotali;H5I. 3Ta CTaTba flBJiaeTca kpetkhm Bee^eHHeM b HfleMnoTeHTHyio 
H TponHHecKyio MaTeMaTHKy. Tponn^ecKaa MaTenaTHKa MOJKeT 
6biTb nojiyHena h3 Tpa^HiiHOHHoii MaTenaTHKH nafl t^hcjiobmmh 
nojiHMH KaK peayjibTaT fleKBaHTOBanHH MacjiOBa, npn KOTopoM 
nocTOHHHaa HjiaHKa h CTpeMHTca k nyjiio, npHHHMaa MHHMbie 

3HaHeHHfl. 

KAWHeeue cjioea: ^eKBaHTOBaHHe MacjiOBa, H^eMnoTeHTHaa MaTenaTHKa, 
TponHHecKaa MaTenaTHKa, HfleMnoTeHTHbie nojiyKOJibiia, H^eMnoTeHTHbiii 
anajiHS, HfleMnoTeHTHbiii 4)yHKLi;H0HajibHbiH anajiHS, ^eKBaHTOBaHHe 
reoMeTpHH. 



3Ta CTaTba npaKTHnecKH ne co;i;epjKHT CTpornx (J)opMyjiHpoBOK TeopeM 
H Hx flOKaaaTejibCTB, ona aBjiaeTca jiHinb KpaTKHM BBefleHHeM b ^eKBaHTOBanHe 
MacjiOBa, H^eMnoTeHTHyio h TponHnecKyio MaTeMaTHKy. Chhcok n,HTHpyeMOH 
jiHTepaTypbi OTHioflb ne flBjiaeTCfl nojiHbiM. /JonojiHHTejibHbie ccmjikh 
MoryT SbiTb Han^eHbi, nanpHMep, b bjigrtpohhom apxHBe 
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K). H. MaHHHy, Jl^yK. MacKapn (G. Mascari), Y. M. MaKSHSHH (W. 
M. MacEneaney) , F. IlaHHHOH, E. Hany (E. Pap), M. HeflHinHKH (M. 
Pedicini), A. npa;i;y (H. Prade), A. A. HyxajibCKOMy (A. A. Puhalskii), 
>K.-n. KBa;i;pa (J. -P. Quadrat), M. A. PoHT6epry, A. B. HypKHHy, 
F. B. IIInH3y, H. Snnrepy (I. Singer), h O. Bnpo (O. Viro) 3a nojieaiiue 
^o6aBJieHHa h aaMenaHHa. Abtop oco6eHHO 6jiaro^apeH B. Yl. MacjiOBy 
3a BcecTopoHHioio noMomb H no^epjKKy h A. H. Co6ojieBCKOMy 3a 
6ojibmyio noMomb, BKjiiOMafl ipn pncyHKa h MHoroe flpyroe. 



1. OCHOBHblE HflEH 

B ocHOBe H;i;eMnoTeHTHOH MaTeiviaTHKH jig^kht 3aMeHa o6biHHbix apn- 
4)MeTHHecKHx onepaii;HH hobmm Ha6opoM 6a30Bbix onepaii;HH (TaKHMH 

KaK MaKCHMyM HJIH MHHHMyM), npH 3T0M MHCJIOBblG nOJIfl 3aMeHflIOTC5I 

H/xeMnoTeHTHbiMH nojivKOJibiiaMH H nojiynojiHMH. THnHHHbie npHMepbi — 
TaK HasbiBaeMbie ajireSpa MaKC-njiioc Rmax h ajireSpa mhe-hjiioc Rmm- 
HycTb R - nojie BemecTBeHHbix mhcbji. Torfla Rmax = R U {— oo} 
c onepan,HaMH x (B y — max{x,y} vi x (D y — x + y. AnajiorHMHO 
Rmin = RU {+cxo} c onepaii;HaMH © = min, © = +. HoBoe cjiojKeime 
© aBJiaeTca HfleMnoTeHTHofi onepai^Hen, to ecTb x (B x = x jiJia Bcex 

X. 

HaHHHaa c KJiaccHHecKoii pa6oTbi C. Kjihhh [88], MHorne aBTopbi 
(C. Kjihhh, C. H. H. HaHflHT, H. H. Bopo6beB, B. A. Kappe, P. A. 
KaHHHrxeM-FpHH, K. D^HMMepMaHH, Y. IlHMMepMaHH, M. FoHflpan, O. 
Jl. BaKKejiJiH, F. Koan, C. FoSep, F. JJ^x. Ojic^ep, >K.-n. Ksaflpa h 
flp.) HCHOJibsoBajiH HfleMHOTBHTHbie HOJiyKOJibn,a H MaTpHn,bi nafl 3thmh 
nojiyKOJibn;aMH fljia pemeHna pa^a npHKJia^Hbix 3a^aH flHCKpeTHofi 
MaTCMaTHKH H Hii(J)opMaTHKH. CoBpeMeiiiibiH udeMnomeumuuu anajiu3 
(h.hh udeMnomeHmHoe ucHucaenue, hjih udeMnomenmnaji MameMamuKa) 
5biJi paspaSoTan B. H. MacjiOBbiM h ero coTpy;i;HHKaMH b BOCbMHflecaTbix 
roflax B MocKBe, cm., nanpHMep, pa6oTbi [96, 119-124]. HexoTopbie 
HpeflBapHTGJibHbie pesyjibiaTbi cc|)opMyjiHpoBajiH 3. XohcJ) h F. FQoKe, 
CM. paSoTbi [24, 71]. 

HfleMHOTCHTHyio MaTGMaTHKy MOJKHO paccMaTpHBaTb KaK pesyjibTaT 

flCKBaHTOBaHHa TpaflHn,HOHHOH MaTCMaTHKH nafl HHCJIOBblMH HOJiaMH, 

npH KOTopoM nocToaHHaa HjiaHKa H CTpcMHTca k nyjiio, npHHHMaa 
MHHMbie SHaneHHa. TaKaa TOHKa spenna Sbijia npe^^CTaBJiena F. Jl. JIhtbhrobbim 
H B. n. MacjTOBLiM [102-104], cm. TaK>Ke [110, 111]. Hna^e roBopa, 
H;i,eMnoTeHTHaa MaTCMaTHKa aBJiacTca acHMnTOTHHecKoii Bepcneii Tpa;i;Hn;HOHHOH 

MaTCMaTHKH Hafl HOJiaMH BemeCTBeHHblX H KOMHJICKCHblX HHCCJI. 
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HdeMnomeHmHhiu npuHijun 
coomeemcmeuH 










Tpa^HiiHOHHasi 




HaeMnoTeHTHaH 




1 


MaxeiviaTHKa 






MaxeiviaTHKa 




BemecTBeHHbix 1 

H KOMnjieKCHblX A 

HHceji 


1 


PlfleMnoTCHTHbie 
^ nojiyKOHBLta ^ 
^^^H nojiynojia^^^B 



KBaHTOBaa 


IIpuHifun coomeemcmeuH H. Eopa 


KjiaccHHCCKaa 


MexaHHKa 


-< *- 


MexaHHKa 



Phc. 1. CBasb MejK;i;y H^eMnoTeHTHOii h Tpa;i;Hii;HOHHOH 
MaTeMaTHKoii. 



OcHOBHyio napaflHriviy H;i;eMnoTeHTHOH MaTeMaTHKH BbipajKaeT udeMnomemnHuu 
npuHii^un coomeemcmeuH. 3tot npHHii;Hn tgcho CBaaan co 3HaMeHHTbiM 
npHHn,HnoM cooTBeTCTBHa Hnjibca Bopa /i,Jia KBanTOBoii TeopHH. OKasbiBaeTca, 
HTO cymecTByeT SBpHCTHnecKoe cooTBeTCTBHe MejK^y pa^OM Ba>KHbix, 
HHTepecHbix H nojiesHbix KOHCTpyKn,HH H peayjibTaTOB oSbiHHoii MaieMaTHKH 
nafl nojiaMH h anajiorHHRbiMH KOHCTpyKn,HaMH h peayjibTaTaMH na^ 
H;i;eMnoTeHTHbiMH nojiynojiaiviH h nojiyKOJibii;aMH (nojiynojiaMH h nojiyKOJibnaMH 

C HfleiVinOTeHTHblMH CJIOJKeHHeM) . 

CncTeMaTHHecKoe h nocjie;i;oBaTejibHoe HcnojibsoBaHne H;i;eMnoTeHTHoro 
npHHii;Hna cooTBeTCTBHa npHBOflHT k MHoroo6pa3HbiM peayjibTaTaivi, 
nacTO BecbMa neojKHflaHHbiM. B peayjibTaie, napa^y c TpaflHn,HOHHOH 
MaTeMaTHKoii, BOSHHKaeT ee "TeneBaa" HfleMnoTeHTHaa BepcHa. 3Ta 
"TeneBaa" Bepcna Tax >Ke CBaaana c TpaflHn,HOHHOH MaTeMaTHKoii, KaK 
KjiaccH^ecKaa (|)H3HKa c (J)H3hkoh KBanTOBOH, cm. pnc. E 

Bo MHOFHx OTHomeHHax H^eMnoTeHTHaa MaTeMaTHKa npome TpaflHn,HOHHOH. 
O^IHaKO nepexofl ot TpaflHii;HOHHbix KOHCTpyKii;HH h peayjibTaTOB k hx 
H;i;eMnoTeHTHbiM anajioraM nacTO abJiaeTca neTpHBHajibRbiM. 

2. nojiYKOJibi^A, nojiynoji5i h ^ekbahtobahhe 

HycTb Ha MHOJKecTBe 5* 3a;i;aHbi flbe ajireSpaH^ecKHe onepan;HH : 
cjioMccHue © H yMHOMccHue 0. FoBopaT, HTO Ha MHOJKecTBe S 3a;i;aH0 
noAyKOAhiifO, ecjiH BbinojinaiOTca cjieflyioin,He ycjiOBHa: 
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• CJIOKGHHe © H yMHOKGHHe accon,HaTHBHbi; 

• CJIOKGHHe © KOMMyTaTHBHO; 

• yMHOJKeHHe ^hctphSythbho OTHOCHTejibHO cjiojKeHHa ©: 

X Q {y ® z) = {x Qy) ® {x Q z) h {x ® y) Q z = {x Q z) ® {y Q z) 

fljifl jiio5bix x,y,z & S. 

EduHuv^eu nojiyKOJibii;a 5* HasbiBaeTca TaKoii sjieivieHT 1 G S*, hto 
l0a; = a;0l = a; fljia Bcex x & S. Hijaem nojiyKOJibii;a S HasbiBaeTca 
TaKoii sjieMGHT G 5, hto 7^ 1 h 0©x = x, O0x = a;0O = fljia Bcex 
X G 5*. nojiyKOJibii;o S nasbiBaeTca udeMnomeHmHUM nojiyKOJib%OM, 
ecjiH X ® X = X jiflu Bcex x G S*. nojiyKOJibii;o 5* c sjieivieHTaMH 
H 1 HasbiBaeTCH noAynoAeju, ecjin ^jih jiioSoro HenyjieBoro sjieivieHTa 
MHOJKecTBa S cymecTByeT o5paTHbiH sjieivieHT. SaivieTHM, ^to ^HOH^bi 
B CMbicjie paSoT [9,67,68], KBanTajibi b CMbicjie [147,148], h HHKjiaHHbi 
B CMbicjie [84] aBjiHiOTca npHMepaMH HfleMnoTeHTHbix nojiyKOJien,. 

PaccMOTpHM nojie BemecTBeHHbix hhcgji R h nojiynojie Bcex HeoTpHii;aTejibHbix 
BemecTBeHHbix hhcgji R+ (oTHOCHTejibHO oSbiHHbix onepaii;HH cjiojKeHHa 
H yMHOJKeHHa) . SaMena nepeivieHHbix x t-^ u = h\nx, h > 0, sa^aeT 
OTo5pajKeHHe ^h - 1^+ S = RU{— 00}. HepeHeceM onepaii;HH cjiojKeHna 
H yMHO>KeHHa h3 R b S* c noMombK) OTo5pa>KeHHa a hmghho, nycTb 
u(BhV = h\ia.{exp{u/h) + exp{v/h)), uQv = u + v,0 = —00 = $/i(0), 
1 = = $/t(l), TaKHM o6pa30M S npHoSpeTaeT CTpyKTypy nojiyKOJibn,a 
R'^'^-' H30Mop(]3Horo R+; cm. pnc. O 

HecjiojKHO npoBepHTb, hto u (Bh v max{M, f} npn /i — > h hto 
5* oGpaayeT nojiyKOJibn,o OTHOCHTejibHO cjioJKeHHa u®v = max{u, f } h 
yMHO>KeHHa uQv = u + v c nyjieBbiM sjieMeHTOM = —00 h e^HHHiteii 
1 = 0. 06o3HaHHM 3T0 nojiyKOJibn,o nepea Rmax; oho udeMnomeHmHO, 
TaK KaK u® u = u fljia Bcex sjieivieHTOB. Ilpn stom nojiyKOJibn,o Rmax 
aBJiaeTca nojiynojieivi. AnajiorHa c npoii;eflypoH KBaHTOBaHHa 3;i;ecb 
OHeBHflHa, napaMGTp h nrpaeT pojib nocToaHHofl HjiaHKa, nosTOMy 
nojiynojie R+ mojkho pacciviaTpHBaTb KaK "KBaHTOBbifl" oGteKT, a nojiyKOJibii;o 
R-max MOJKeT paccMaTpHBaTbca KaK pesyjibTaT ero ";i;eKBaHTOBaHHa". 
AHajiorHHHaa npoii;e;i;ypa jiflu h < ji^aeT nojiyKOJibii;o Rmm = R U 
{+00} c onepan,HaMH © = min, = +; b stom cjiynae = +00, 1 

= 0. nOJiyKOJIbn,a Rmax H Rmin H30M0p(J)HbI. HepeXOfl K Rmax HJIH Rmin 

Ha3biBaeTca deKeanmoeaHueM MacAoea. HoHaTHO, hto cooTBeTCTByiomHH 
nepexofl ot C hjih R k Rmax ocymecTBjiaeTCH npn noMomH fleKBanTOBanHH 
MacjiOBa h OTo5pa>KeHHa x 1— ^ |x|. /]|onycKaa BOJibHOCTb penn, maKou 
nepexod e daAbuemueM mu maKCHce 6ydeM Hasueamt deKeanmoeaHueM 
MacAoea. 

CBa3b C 4)H3HKOH H pOJIb MHHMblX 3HaHeHHH nOCTOaHHOH HjiaHKa 

6yflyT o6cy>KflaTbca HH>Ke, b pa3flejie 6, a TaKJKe b paSoTax [110,111]. 
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Phc. 2. Hepexofl ot R+ k Ha BciaBKe: to jkb ^jih Majibix h. 



H;i;eMnoTeHTHoe nojiyKOJiijiio RU { — cxd} U {+cxo} c onepaiiHiiMH © = 

max, = mill MoaceT 6biTb nojiyMeno b pesyjibTaTe "BTopHniioro ;i,eKBaHTOBaHHa" 

nojiefi C, R hjih nojiynojia R_)_. /^ecaTKH HHTepecHbix npniviepoB 

HeH30Mopc|)Hbix HfleMHOTeHTHbix nojiyKOJieii;, a TaKme CTanflapTHbie MeTOflbi 

nojiy^GHHa hobbix nojiyKOJien, h3 HCxoflHbix paccMaTpHBaiOTCH b cjieflyiomHx 

paSoTax [26,64,66-70,104,110]. Tax naabiBaeMoe udeMnomeHmnoe deKeanmoeaHue 

flBjiflGTCfl o6o6meHHeM flGKBaHTOBaHHa MacjiOBa; sto nepexofl ot nojieii 

K HfleMnoTeHTHbiM nojiynojiHM h nojiyKOJibn,aM b MaTeMaTHMecKHx KOHCTpyKLi,Hax 

H peayjibTaTax. 

^eKBaHTOBaiine MacjiOBa CB5i3aiio c xopomo nsBecTiibiM jTorapH4)MHMecKHM 
npeoSpaaoBaimeM, Hcno.rrbsoBaiiiibiM, iianpHMep, b KJiaccH^ecKHx pa6oTax 
3. IlIpe;i;HHrepa [153] h 3. Xoncjja [71]. HcnojibsyeTca TaKJKe TepMHH 
"npeo6pa30BaHHe Koyjia-Xon4)a". H^eH 3. Xon4)a nojiy^HjiH flajibHeiiniee 
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paSBHTHe B H3BeCTH0M MeTOflG HCHeSaiOmeH Bfl3K0CTH H MCTOfle BaSKOCTHblX 

pemeHHii, cm., nanpHMep, pa6oTbi [10,19,54,122,125,149,167]. 

3. TEPMHHOJIOrH5I: TPOnHMECKHE no„nyKOJibLi;A H 
TPOnHMECKA5I MATEMATHKA 

TepMHH "TponHHecKHe nojiyKOJibLi,a" noaBHJica b HH(J)opMaTHKe h 
TeopHH ajiropHTMOB fljia oSoaHaneHHa flHCKpeiHOH BepcHH ajireSpbi 
R-max HJiH Rmin H Hx noflajire6p; flHCKpeTHbie nojiyKOJibn,a 3Toro THna 
6bijiH HasBaHbi "TponHHecKHMH" JlpumtimKOu HeppsHOM b HecTb 6pa3HjibCKoro 
cnenHajTHCTa no HH(J)opMaTHKe h MaTeMaTHxe HMpe CaiiMOHa, b anaK 
npH3HaHHa ero nnoHepcKoii ;i,eaTejibHOCTH b flaHHoii oSjiacTH, cm. [140]. 

B ^ajibHeiiineM CHTyaii;Ha h TepMHHOJiorna H3MeHHJiHCb. ^Jia 6ojibmHHCTBa 
coBpeMeHHbix aBTopoB "TponHHecKHii" oaHanaeT "na^ nojiynojiaMH Rmax 
HJiH Rmin", ci TponHHCCKHe nojiyKOJibii;a — 3T0 HfleMnoTeiiTiibie nojiynojia 

Rmax H Rmin- B 3T0M >Ke CMblCJIC HaCTO HCnOJIbSyiOTCa XepMHIIbl "MaKC- 

njiioc" H "MHH-njiioc". B nacToamee BpcMa tcpmhh "TponHnecKaa MaiCMaTHKa" 

06bIHH0 03HaMaeT "MaiCMaTHKa na^ nOJiynOJiaMH Rmax HJIH Rmin", CM., 

nanpHMcp, [7,11,12,14,39,41,55,56,59,60,72-78,85,86,126-129,131,132, 
134,135,146,155,156,161-165,169-171]. TepMHHbi "TponHKajTH3anHa" h 
"TponH4)HKaii;Ha" (nanpHMcp, b [87]) btohhocth 03HaHaiOT ;],eKBanTOBaHHe 
H KBaHTOBanne b onncaHHOM Bbime CMbicjie. B jiio6om cjiynae, TponnnecKaa 
MaTCMaTHKa aBJiacTca ecTecTBCHHOH h ohchb BaiKHoii nacTbio H^eMnoTeHTHoii 
MaTeMaTHKH. Mnorne H3BecTHbie KOiiCTpyKiiHH h pe3yjTbTaTbi HfleMnoTeHTHofi 

MaTCMaTHKH SblJIH nOBTOpCHbl B paMKaX TpOnHHeCKOii MaiCMaTHKH (h, 

oco6eHHO, B TponHHCCKOH jiHHeiiHOH ajireSpe). 

SaMCTHM, MTO B CTaTbax [174-176] H. H. Bopo6beB pa3BHji neKOTopyio 

BCpCHK) HfleMnOTeHTHOH JIHHeilHOH ajire6pbl (c BaJKHblMH npHJIOJKeHHaMH, 

B TOM HHCJie jiJin MaTeMaTHMecKOH skohomhkh), h npe;],BHfleji MHorne 
acncKTbi Syflymeii pacmnpeHHOH TeopHH. ^Jia o6o3HaHeHHa H;i;eMnoTeHTHbix 

HOJiyKOJien; H HfleMnOTCHTHOH MaTCMaTHKH oh HCH0JIb30BajI TepMHHbi 

"3KCTpeMajibHbie ajire6pbi" h "sKCTpeMajibnaa MaTCMaTHxa". K cojKajienHio, 
H;i;eH H. H. BopoSteBa b CBoe BpeMa ne HOJiyMHjrn mnpoKon H3BecTnocTH, 
nosTOMy ero TepMHHOJiorna ne npnacHjiacb h ceii^ac ho^th hc Hcnojib3yeTca. 

4. HflEMnOTEHTHA5I AJIEEBFA H JIHHEHHA5I AJIEEBPA 

AbTopoM nepBOH H3BecTH0H pa6oTbi no HfleMnoTenTnoii jinneiinoH 
ajire6pe aBJiacTca C. Kjihhh. B ero pa6oTe [88] paccMaTpHBaiOTca 
CHCTCMbi jTHHeHHbix ajire6paHHecKHx ypaBnenHH na^ HecKOjrbKO SKSOTmecKHM 

H/ieMnOTenTHblM nOJlVKOJlbllOM BCeX 4^0pMajTbnbIX aSblKOB C 4^HKCHpOBaHHbIM 

KOHeHHbiM ajicjjaBHTOM. 0;i,HaKO H/i,eH C. Kjihhh 0Ka3ajiHCb BecbMa 
o6iii,HMH H ynHBepcajibHbiMH. Ilocjie 3Toro ^ecaTKn anTopoB H3ynajiH 
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MaTpHn,bi c K03(J)(J)Hn,HeHTaMH, npHHa^JiejKamHMH HfleMnoTeHTHbiM nojiyKOJibn,aM, 
a TaKJKe cooTBeTCTByiomHe npHjiojKeHHH k flHCKpeTHoii MaieMaTHKe, 
HH4)opMaTHKe, asbiKaM nporpaMMHpoBaHHa, jinnrBHCTHHecKHM aaflanaM, 
KOHe^HbiM aBTOMaxaM, npo6jieMaM onTHMH3aii;HH na rpa(J)ax, TeopHH 
onTHMajibHoro ynpaBJienna, flHCKpeTHbiM CHCTeMaM coSmthh h ceTSM 

HeTpH, CTOXaCTHHeCKHM CHCTeMaM, OIi;eHKe npOH3BO^HTejIbHOCTH KOMnblOTepOB, 

BbiHHCJiHTCJibHbiM npo6jieMaM H T.fl. 3th HanpaBJiCHHa xopomo HSBecTiiu 
H niHpoKO npe/iCTaBjienbi b jiHTepaxype, cm., nanpHMcp [9,17,18,21,25, 
28-30, 44, 62, 64-70, 84, 93, 96, 102, 104-107, 114, 115, 122, 174-177, 187]. 

HfleMnoTCHTHafl a6cTpaKTHa5i ajire6pa noKa ne laK xopomo pasBHia, 
xoTfl c flpyroii CTopoHbi, c c|)opMajibHOH tohkh apcHHa Teopna pemcTOK, 
Tcopna ynopaflOHeHHbix rpynn h nojiyrpynn bxo^st b cocTaB H^eMnoTeHTHOii 
ajire6pbi. Tcm hc Menee, HMCCTca mhofo HHTcpecHbix peayjibTaTOB h 
npHJiojKeHHii, cm., nanpHMcp, [29-31,81,147,148,154]. 

B nacTHOCTH, HflBMnoTBHTHaa Bcpcna ochobhoh TBopcMbi ajire6pbi 
cc|)opMyjiHpoBaHa b [31,154] fljia paflHKa6ejibHbix HfleMnoTCHTHbix nojiyKOJien, 
(nojiyKOJibiio A HaabiBacTca paduKa6eAt)HUM, ccjih ypaBHCHHe x'^ = a 
HMCCT pemeHHe x E A fljia jiioSoro a E A m jiioSoro nojioJKHTCJibHoro 
n,ejioro n). ^OKaaano, ^to Rmax h flpyrne paflHKa6ejibHbie nojiynojia 
ajire6paHMecKH aaMKHyibi b ecTecTBCHHOM cmbicjib [154]. 

B nOCJIBflHHB r0;i;bl OCoSoB BHHMaHHB npHBJIBKaiOT K C666 Bonpocbi 

TponHHBCKOH ajircSpanHBCKOH tbombtphh, KOTopbiB 6yflyT paccMOTpcHbi 

HHJK6, B paSflBJIB 11. 



5. HflEMnOTEHTHblH AHAJIH3 
HflBMnOTBHTHblH aHajIH3 BBpBOHaHajIbHO 6bIJI nOCTpOBH B.n. MaCJIOBbIM 

H Bro coTpyflHHKaMH, a aaiCM pasBHT b 6ojibmoM kojihhbctbb ny6jiHKaii;HH 
pasjiHHHbix aBTopoB. 3T0My npe^^MBTy nocBameiia Kimra B. H. KojiOKOJibii;oBa 
H B. n. MacjiOBa [96] (pyccKaa Bcpcna [122] onySjiHKOBana b 1994 
rofly). 

HyCTb S — npOH3BOJIbHOB nOJiyKOJIbIi;0 C H^BMnOTBHTHblM CJI05KBHHBM 
® (KOTOpOB BCBrfla npBflnOJiaraBTCa KOMMyTaTHBHbIM) , yMHOJKBHHBM 

0, HyjTBM 0, H e/xHHHneii 1. Mho>kbctbo S cnaS^KBHO cmaHdapmHUM 
nacmuHHUM nopjidnoM ^: no onpcflBJiBKHio, a ^ b Tor^a h tojibko 
Tor^a, Kor^a a® b — b. TaKHM o6pa30M, bcb ajicMBHTbi MHOJKCCTBa S 
HeoTpHii;aTejibHbi: ^ a fljia bcbx a E S. Bjiaro^apa cymccTBOBaHHio 
SToro nopaflKa, H;i;eMnoTeHTHbiH aiiajTH3 tccho CBa3aH c Teopnen peincTOK, 
Teopneii BCKTopiibix pemcTOK h TCopHeii ynopaflOHemibix npocTpancTB. 
Bojiee Toro, 3tot ^lacTHHHbin nopa;i;oK nosBOJiacT Mo;i,ejiHpoBaTb ocHOBHbie 

TOnOJIOrHMBCKHB BOHaTHa H pB3yjIbTaTbI Ha MHCTO ajirB6paHMBCK0M ypoBHB; 
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CHCTeMaTH^ecKoe msjiomemie TaKoro noflxo^a mo^kho nanTH b paSoTax 
[108-112] H [26]. 

AnajiHS rjiaBHbiM o6pa30M HMeeT ^ejio c c|)yHKii;HaMH, hbhmh aHaneHHaMH 
aBJiaiOTca nncjia. H^ieMnoTeiiTiibiM aHajioroM hhcjtoboh (J)yHKiiHH aBJiaeTca 
OTo6pajKeHHe X ^ S, Tfl,e X — nponsBOJibHoe MHOxcecTBO, a 5* - 
H^eMnoTeHTHoe nojiyKOJibii;o. OyHKii;HH co 3HaHeHHaMH b S mojkho 
CKaflbiBaTb, yMHOiKaTb flpyr na flpyra, a TaKJKe yMHOJKaTb na 3JieMeHTbi 
S noTOMe^iHO. 

HfleMnoTGHTHbiM anajioroM jiHHeliHoro (J)yHKn,HOHajibHoro npocTpancTBa 

HBJIfleTCfl MHOJKeCTBO 4)yHKn,HH CO 3HaMeHHflMH B 5", 3aMKHyT0e OTHOCHTejIbHO 

cjioJKeHHfl c|)yHKn,HH H yMHOJKeHHa 4)yHKn,HH na 3JieMeHTbi h3 5", hjih 
5'-nojiyMOflyjib. PaccMOTpHM, HanpHMep, (S-nojiyMOflyjib B(X, S) Bcex 
4)yHKii;HH X ^ S, KOTopbie orpanHHeHbi b CMbicjie CTanflapTHoro nopaflxa 
B S. 

HycTb S — Rmax, Tor^a H^eMnoTeHTHbiH anajior HHTerpajia onpe^ejiaeTca 

4)0pMyjI0H 

/■e 

H'f)— / <f{x)dx — supip{x), (1) 

Jx xex 

r^e (p G B(X,S). ^encTBHTejibHO, pHManoBa cyMMa BH7i,a '^'^{xi) ■ ai 

i 

cooTBeTCTByeT BbipajKeHHK) ^(p{xi) (7j = max{(^(a;j) + Uj}, KOTopoe 

i ' 

cxo;i;HTca k npaBoii nacTH (1) npn Uj — > 0. Pa3yMeeTca, 3to hhcto 
3BpHCTHHecKoe paccyjKfleHHe. 

OopMyjia (1) onpe;i;ejiaeT udeMnomeHmHuu UHmespaA (hjih UHtnespaA 
MacAoea) ne tojibko fljia c|)yHKn,HH, npnnHMaiomHx 3HaHeHHa b Rmax, 
HO TaKJKe H B o6n],eM cjiynae, npn ycjiOBHH, mto Jiio6oe orpanHHenHoe 
CBepxy n0/iMH0>KecTB0 S HMeeT TOHnyio BepxHiOTO rpanb. 

HdeMnomeHmHaa Mepa (hjih juepa MacAoea) na X OHpe^ejiaeTca 
KaK m^{Y) = supip{x), rp^e ip e B{X,S), Y Q X. HnTerpaji no 3toh 

MBpe HMeeT bh^ 

I^{ip) ^ / (p{x)dm^^ / ip{x)Qip{x)dx ^ sup{if{x)Qip{x)). (2) 
Jx Jx xex 

OneBH^HO, HTO ecjiH S — Rmm, TO CTaH^apTHbiH Hopa^OK :< aBJiaeTca 

HpOTHBOHOJIOJKHblM HO OTHOHieHHIO K o6bIHHOMy HOpaflKy <, H03T0My 

BbipajKenne (2) npHMeT bh^ 

/■e 

ip{x) dm^ = I (^(x) il}{x) dx — inf (<^(x) '0(a;)), 
X Jx 

r;i;e inf noiiHMaeTca b CMbicjie oSbiniioro nopa;i;Ka <. 

OTMeTHM, HTO TaK Ha3biBaeMbiH nceB;i,o-aHajiH3 (cm., nanpiiMep, oSaop 

[138]) CBa3aH co CHen,HajibHOH HacTbio HfleMnoTCHTHoro aHajiH3a; tcm 
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He Menee, BOoSme roBopa, 3tot nceBflo-anajiHa BbixoflHT aa paMKH 
HfleMnoTeHTHOH MaTCMaTHKH. HeKOTopbie o6o6meHHfl Mep MacjiOBa 
o6cy5K;i;aiOTca b pa6oTax [89, 137]. 



6. npHHij,Hn cynEPno3Hij,HH h jiuhehhue sa^amh 

OcHOBHbie ypaBHenna KBaHTOBofi TeopHH jiHHefiHbi. 3to yTBepjK^eHHe 
cocTaBJTiieT npHimnn cynepnosHiiHH b KBaHTOBofl MexaHHKe. YpaBHeHHe 
raMHJTbTOiia-5lKo6H, KOTopoe iiBJTiieTca ochobemm ypaBHenneM KJiaccHnecKOH 
MexaHHKH, ne aBJiaeica jiHHeiiHbiM b oSmhrom CMbicjie. Teivi ne jvienee, 
OHO jiHHeiiHO nafl nojiyKOJibn,aMH Rmax h R-min- HoxojKHM o6pa30M 
pa3JiHHHbie BepcHH ypaBHeHHH BejiJiMana, ochobhofo ypaBHenHH TeopHH 

0HTHMH3an,HH, JIHHeHHbl HdtJl H0/I,X0flan],HMH nOJTyKOJIbn,aMH. B 3T0M 

cocTOHT HfleMHOTeHTHbiH HpHHn,HH cyHepH03Hn,HH B.H.MacjiOBa (cm. 
[119-123]). HanpHMep, KOHenHOMepHoe CTan;HOHapHoe ypaBHeHne BejiJiMana 
MOJKeT 6biTb 3anHcaH0 b BH^e X — HqX^F , r^e X, H, F — MaTpHn;bi 
c K03(J)(J)HiiHeHTaMH B Hzi;eMnoTeHTHOM nojiyKOJTbiie S, a iieH3BecTHaa 
MaTpHua X onpe;],ejiaeTca Hepe3 H F [20]. B nacTHOCTH, CTaH;i;apTHbie 
npo6jieMbi ;i;HHaMHHecKoro nporpaMMHpoBaHHa h 3a;i;aHa noncKa KpaTHaiiniero 

HyTH OTBenaiOT CJiyHaaM S — Rmax ^ S — Rmin COOTBeTCTBeHHO. B 

pa6oTe [20] 0HTHMH3an,H0HHbie ajiropHTMbi na KonenHOM rpac|)e HOCTaBjienbi 
B cooTBeTCTBHe CTaH;],apTHbiM MeTo^aM pemeHHa CHCTeM jiHHeiiHbix 
ypaBHeHHH aioro Tnna (nafl nojiyKOJibn,aMH). B ^acTHOCTH, ajiropHTMy 
BejiJiMana noHCxa KpaTHaiiniero nyTH cooTBeTCTByeT ajiropHTM 5Iko6h, 
ajiropHTMy Oop^a OTBenaeT HTepaii;HOHHbiH MeTOfl Faycca-Sefi^ejia h 

T.fl. 

JlHIieiillOCTb Iia;i, Rmin H Rmax ypaBHeHHa raMHJIbT0Ha-5lK06H (KOTopoe 

aBjiaeTCfl pe3yjibTaT0]vi /],eKBaHTOBaHHa MacjiOBa ypaBHeHHa IIIpe^HHrepa) 
TecHO CBa3aHa c o6biMHOH jinneHHOCTbio ypaBHenna IIIpeflHHrepa h 
MOJKeT 6biTb BbiBeflena h3 3toh jiHHeiiHOCTH. TaKHM o6pa30M, mojkho 
3aHMCTB0BaTb CTaH/xapTHbie m^en h MeTOflbi h3 jiHHeiiHoro aHajiH3a h 
HpHMenaTb hx b hoboh oSjiacTH. 

PaccMOTpHM KJiaccHHecKyio ^HHaMHHecKyio CHCTeMy, onHCbiBaeMyio 
raMHJibTOHHanoM 

i=l 

Tjie X = {xi, . . . , xn) — o6o6iu,eHHbie KOop;i;HHaTbi, p — (pi, . . . ,Pn) — 
o6o6meHHbie HMnyjibCbi, rrii — Maccbi, a V{x) -noTeHn,Haji. B 3tom 
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cjiy^ae JiarpaHJKHan CHCieMbi L(x, x, t) aanHineTca b BH^e 

N . 2 

L{x,x,t) = ^m~ V{x), 

i=l 

r^e X — (xi, . . . ,xn), ii = dxi/dt. Hpn 3tom c|)yHKii;Ha aHaneHHa 
4)yHKii;H0Hajia fleficTBHa S{x^ t) HMeeT bh^ 

L{x{t),x{t),t) dt, 



to 

r^e HHTerpnpoBaHHe Be^eTCH Bflojib peajibHoii TpaeKTopHH CHCTeMbi. 
KjiaccH^ecKHe ypaBnenHJi 7[BH>KeHHa BbiBOflaTca h3 ycjiOBHa MHHHMyMa 
4)yHKn,H0Hajia ^eiicTBHa (npHHn,Hn FaMHjibTOHa hjih npHHn,Hn HaHMenbinero 
fleiiCTBHa). 

^Jia 4)HKCHpOBaiIHbIX MOMeHTOB BpeMCHH t H tf) H npOH3BOJIbHOH 

TpaeKTopHH x{t), 4)yHKii;H0Haji ^encTBHa S = S{x{t)) MoaceT 6biTb 
paccMOTpeii KaK cl^yiiKiiHa, nepeBOflainaa Miio»cecTBO kphblix (TpaeKTopHfi) 

BO MHOiKeCTBO BeiII,eCTBeHHbIX HHCejI, KOTOpOe, B CBOK) OHepejlh, MOJKeT 

6biTb HHTepnpeTHpoBano KaK Rmin- B 3T0M cjiyMae MHHHMyM c|)yHKn,HOHajia 
fleiiCTBHa BbipajKaeTca HHierpajiOM MacjiOBa no MHOiKecTBy TpacKTopHii, 
T.e. KaK HfleMnoTGHTHbiH anajior SBKjiHflOBoii BepcHH 4)eHHMaHOBCKoro 
KOHTHHyajibHoro HHTerpajia. 

MHHHMyM (J)yHKn,HOHajia fleiicTBHa cooTBeiCTByeT MaKCHMyMy (J)yHKn,HH 
e"'^, T.e. HfleMHOTeHTHOMy HHierpajiy J^g^^i^gy e~^^^^^^^ D{x{t)} no OTnomenHio 
K ajire6pe Rmax- TaKHM o6pa30M, KjiaccHHecKnii npHHn,Hn naHMenbrnero 
;i;eHCTBHa mojkgt paccMaTpHBaTbca KaK H^eMnoTenTHaa Bepcna cl^eiiiiMaHOBCKOH 
(|)opMyjiHpoBKH KBaHTOBOH MexaHHKH. HpeflCTaBJieHHe pemeHHa ypaBHeHna 
IIIpe^HHrepa b bh^b KOHTHHyajibHoro HHTerpajia OeiiHMaHa cooTBCTCTByeT 
4)opMyjie JlaKca-OiTeiirmK fl^jisi vpaBiieHHa raMHJibTOHa-5lKo6H. 

HocKOJibKy dS/dxi = pi, dS/dt — —H{p, x), cnpaBefljiHBO cjie;i;yioiii;He 
ypaBnenne raMHjibTOHa-5lKo6H: 

dS ^fdS \ 

KBaHTOBaHHe (cm., nanpHMep, [48]) npHBO^HT KypaBHeHHio IIIpe^HHrepa 

-^^^H^^H{p,,x,)^l,, (4) 
z ot 

Tjifi ijj = ilj{x,t) — BOJiHOBaa (J)yiiKn;Ha, T.e. aaBHcainnii ot BpeMeim 
3JieMeHT rnjibSepTOBoro npocTpancTBa L^(R^), aH onepaTop sneprnn, 
nojiynennbiii h3 KjiaccHHecKoii 4)ynKn,HH FaMHjibTona aaMenoii nepeMennbix 
Pi onepaTopaMH HMnyjibcoBpj — f ^) ^ nepeMennbix Xi — onepaTopaMn 
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KoopflHHaT: Xi'. i/j ^ Xiip. YpaBHeHHe IIIpeflHHrepa jiHHeiiHO b oSbi^hom 
CMbicjie (KBaHTOBbiH npHHn,Hn cynepno3Hn,HH) . 

B CTaHflapTHoii npoii;e^ype npeflejibHoro nepexo^a ot ypaBHenHa 
IIIpeflHHrepa k ypaBneHHio raMHJTbTOHa-5lKo6H HcnojibsyeTca cjie^yioinee 
npeflCTaBJiGHHe fljia bojihoboh 4)yHKii;HH b BH;i;e i) = ^(a;, t)-e^^^^'*^^^ 
H Bbi^ejieHHe rjiaBHoro HJiena npn — > (KBaanKJiaccHHecKHfi npefleji). 

BiviecTO SToro mm aaMeiiHM nocToaHHyio HjiaHKa h mhhmoh BejiHHHHoii 
h = ih, BbiSHpaa h > 0. Tor7i,a vpaBHenHe IIIpeflHHrepa (4) nepeiifleT 
B o6o6meHHoe ypaBnenHe TenjionpoBo;i,HOCTH: 

h^^H (-h—,xAu, (5) 



dt \ dx. 

B KOTopoM BemecTBeHH03HaMHaa 4)yHKn,Ha u cooTBeTCTByeT bojihoboh 
4)yHKn,HH ijj (lOHHee, ee MOflyjiio). IloxojKafl n^ea (nepexofl k MHHMOMy 
BpeMenn) Hcnojibayeica b 3BKjiHflOBOH KBanTOBoii TeopHH nojia (cm., 
nanpHMep, [130]). HanoMHHM, mto speMH h SHeprwH — Ttya.rrbHbie BejiH^HHbi. 

JlHHeflHOCTb ypaBiieima (4) Be;i,eT k jiHHeiiiiocTH ypaBHenHa (5). 
no3TOMy, ecjiH Ml H M2 — peiHeHHa ypaBHenna (5), to hx JinnefiHaa 
K0M6HHaii;Ha 

u = XiUi + X2U2 (6) 
TaKJKe aBJiaeTca pemenHeM ypaBHenna (5). IIojiojkhm S = h\nu hjth 
u = e^^'^, KaK 3T0 6bijio cflejiano Bbime b paa^ejie 2. HecjiojKHO npoBepHTb, 
HTO nocjie TaKoii aaMenbi ypaBnenHe (5) npnMCT bh^ 

ds , ^1 fdsV 1 d^s _ 

1=1 * ^ 1=1 ' « 

TaKHM o6pa30M, mw nepenijin ot (4) k (7) npn homoihh saMenbi nepeMei-inbix 
■0 = e^^'^. Hpn 3T0M 10 1 = e^^^^^ , r;i;e Re^* — Bein;ecTBennaa nacTb 
S. By;i;eM paccMaTpnBaTb Tenepb S KaK Bein;ecTBennyio nepeMennyio. 
YpaBnenne (7) nejinnenno b o6binnoM CMbicjie. OflnaKO, ecjin Sin S2 — 
ero pemenna, to 4)ynKn;Ha 

nojiynennaa na (6) aaMenoii S = h\nu, laKxe anjiaeTca pemenneM 
ypannenna (7). B stom cjiynae o5o5iii,ennoe yMnoacenne conna/xaeT 
c oSbi^nbiM cjioJKenneM, a o6o6mennoe cjiOiKenne (Bh onpe^ejiaexca 
Bbi6pannoH aaMenoii nepeMennbix. Hpn /i — > 0, mm nojiyMHM onepaLi,HH 
H^eMnoTenTnoro nojiyKOJibn;a Rmax, to ecTb, © = max n = +, a 
ypasnenne (7) nepenjieT b ypabnenne FaMnjibTona-SKoSn (3), TaK KaK 
TpeTbe cjiaraeMoe b npaBoii ^lacxn ypannenna (7) ncneaaeT. 

EcTecTBenno paccMaTpnBaTb npe;i;ejibnyio 4)ynKn;nK) S = Xi Q Si (B 
X2 <S'2 KaK pemenne ypannenna raMHjibTona-5lKo6H n ojKHflaxb, mto 
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3T0 ypaBHeHHe mojkho paccMaTpHBaTb KaK jinneiiHoe nafl Rmax- nofloSnafl 
apryMeHTan,Ha (na aspHCTHHecKOM ypoBne) MOJKeT 6biTb npHMenena h 
K ypaBHeHHaM 6ojiee o6iii;ero BH^a. CTporoe o6ocHOBaHHe jiHHeiiHOCTH 
3THX ypaBHeHHH Hafl nojiyKOJibii;aMH npHBOflHTca b [52, 96, 122, 123] a 
TaKJKe B [120]. Otmbthm, hto gcjih h aaivieHHTb na —h, to b pesyjibTaTe 
Mbi nojiyHHM JiHHeiiHOCTb ypaBHenna raMHJibTOHa-5lKo6H na^ nojiyKOJibii;oM 



H7i,eMnoTeHTHbiH npHHiiHn cynepno3Hn,HH noKasbiBaex, ^ito pa;x sajKHbix 
HejiHHeiiHbix (b oSbi^hom CMbicjie) sa^an MOJKeT SbiTb CBeflen k aaflanaM, 
jiHHeiiHbiM na/], H/],eMnoTeHTHbiMH nojiyKOJibn,aMH. TaKHM o6pa30M, jiHHeiiHbiH 
HfleMnoTeHTHbiii c|)yHKn,HOHajibHbiH anajina (cm. HHJKe) aBjiaeTca ecTecTBennbiM 
HHCTpyMeHTOM ^jia HCCJieflOBaHHa HejiHHefiHbix 6ecK0HeHH0MepHbix aa^an, 
o6jiaflaioiii;Hx 3thm cbohctbom. 

7. CbEPTKA H nPEOBPASOBAHHE OyPbE-JlE>KAH/],PA 

HycTb G — HeKOTopaa rpynna. Tovfl^ci npocTpancTBO Rma^) 
Bcex orpaHHHeHHbix 4)yHKii;HH G — > Rmax (cm. Bbime) sBJiaeTca HfleMnoTenTHbiM 
nojiyKOJibn,OM OTHOCHTejibHO cjie^ymero anajiora o6biHHOH onepan,HH 
CBepTKH ®: 



PaayMeeTca, mojkho TaKJKe HcnojibsoBaTb h flpyrne (J)yHKn,HOHajibHbie 
npocTpancTBa (h ppyrwie 6a30Bbie nojiyKOJibiia bmbcto Rmax) • B pa6oTax 
[96,122] rpynnoBbie nojiyKOJibii;a 3Toro Tnna nasbiBaiOTca ceepmouHUMU 

llOAyKOAbV^aMU. 

HycTb G — R", rfle R" noHHMaeTca xax TonojiorHnecKaa rpynna 
OTHOCHTejibHO BCKTopHoro cjioaccHHa. 06biHHoe npeo6pa30BaHHe Oypbe- 
Jlanjiaca onpe^ejiaeTca c|)opMyjiOH 



r^e e*^'^ aBjiaeTca xapaKTepoM rpynnbi G h pemeHHCM cjie^yiomero 
4)yHKn;HOHajibHoro ypaBnenna 



nosTOMy "uenpepbiBHbie H;],eMnoTenTHbie xapaKiepbi" aBJiaiOTca JinnenHbiMH 
4)yHKn,HaMH BH^ax i— > ^-x — • -\-^nXn- B peayjibTaie npeo6pa30BaHHe (8) 



'min- 




^{x) tlj{x ^ ■ g) dx = sxi\){(p{x) + '^(x • g)). 

xeG 






flEKBAHTOBAHHE MACJIOBA 



13 



nepexoflHT b npeoSpaaoBanHe 

/■e 

ip(x)^(fi{^)^ ^■xQip{x)dx^sup(^-x + ip{x)). (9) 
Jg xeG 

npeo6pa30BaHHe (9) ecTb ne hto hhog, KaK npeo6pa3oeaHue Jleofcandpa 
(c TOHHOCTbio Tjp oSoaHaneHHii) [121]. npeoSpaaoBaHna SToro BH^ia 
ycTanaBJiKBaiOT CBasb uemjiy raiviHJibTOHOBbiM h jiarpaii>KeBbiM 4^opMajiH3MOM 
B KJiaccHHecKOH MexaHHKe. npeo6pa30BaHHe JlejKaH^pa nopo>K;],aeT 
HfleMnoTeHTHyio BepcHio rapMOHHHecKoro anajiHsa b npocTpancTBe BbinyKjibix 
4)yHKn,HH (nO/ipoSnee cm., nanpHMep, [118]). 

PaayMeeTca, onncaHHyio KOHCTpyKHHio mo>kho o5o5mHTb na pasjiH^Hbie 
Kjiaccbi rpynn h nojiyKOJien,. HpeoSpaaoBaHHa yKaaanHoro THna nepeBOflST 
o6o6iii;eHHyio onepaii;Hio CBepTKH b noToneHHoe npoH3BefleHHe (o6o6iii;eHHoe) , 
coxpanaa npn 3tom pa^i; BajKHbix cbohctb o6biHHoro npeo6pa30BaHHa 
Oypbe. ^Jia cjiynaa nojTyKOJibii;a mho^kgctb HapeTO, cooTBeTCTByiomaa 
Bepcna npeoSpaaoBaHna Qypbe cbo^ht aa^any MHoroKpHTepnajibHOH 
onTHMH3an,HH K ceMeiiCTBy oflHOKpHTepHajiBHbix 3aflaH [152]. 

HpHMepbi, o6cy>KflaeMbie BflannoM paa^ejie, Moryi paccMaTpHBaTbca 
KaK (J)parMeHTbi H7i,eMnoTeHTHOH TeopHH npe/iCTaBjienHH, cm., nanpHMcp, 
[111]. B HacTHOCTH, "HfleMnoTeHTHbie" npe^CTaBjiCHHa rpynn MOJKno 
TpaKTOBaTb KaK npeflCTaBjienna cooTBeTCTByioin,Hx CBepiOHnbix nojiyKOJien, 
(t.c. HfleMnoTCHTHbix rpynnoBbix nojiyKOJien;) b H^eMnoTenTHbix nojiyMO^yjiax. 

8. nPHJIO»CEHH5I K CTOXACTHKE H flBOHCTBEHHOCTb ME^CflV 
TEOPHEH BEP05ITH0CTEH H TEOPHEH OnTHMH3AIJ,HH 

HflCMnoTenTnbie Mepbi MacjiOBa aBjiaioTca neoTpHn,aTejibnbiMH (b 
CMbicjie CTaHflapTHoro nopaflKa), KaK h BepoaTHOCTHbie Mepbi. Anajiorna 
ueyKflj HfleMnoTCHTHbiMH H BepoaTiiocTHbiMH McpaMH onpeztejTaeT BajKnyio 
B3aHM0CBa3b MCJKfly Teopnen onTHMH3aii;HH h Teopnen BepoaTiiocTeii. 
K HacToaineMy BpeMCHH HCCJie;i;oBaH ii;ejibiH pa^i; H;i;eMnoTeHTHbix anajioroB 
BepoaTHOCTHbix KOHCTpyKn;HH, nanpHMep MaKC-njiioc Mapinnrajibi, MaKC- 
njiioc CTOxacTHHecKne flH4)4)epenn,Hajibnbie ypannenna n flp. HanpnMep, 
nojiy^ennbie pesyjibTaTbi no3BOJiaiOT nepenecTn Moninbie CTOxacTn^ecKne 
MCTOflbi B Tcopnio onTHMH3an,HH. 3to 6bLrro OTMeneno n nccjieflOBano 
MnorHMH aBTopaMH (F. Cajiio, 11. ^eji Mopaji, M. AKnan, ^.-11. Kna^pa, 
B. n. MacjiOB, B. H. KojiOKOJibn;oB, E. Bepnap, Y. A. OjiCMnnr, Y. M. MaKsnann, 
A. A. HyxajibCKHH n ;ip.), cm o63opHyio CTaTbio Y. A. OjiCMnnra n 
Y. M. Maxsirann [53] n [1, 6, 13, 28, 35-38, 50-52, 69, 122, 141, 143, 144]. 
Ho noBO^y CBaseii h npHJioacennn k Teopnn Sojibinnx yKJionennn cm. 
[1,35-38,142], H oco6enno Knnry A. A. HyxajibCKoro [141]. 
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9. H^EMnOTEHTHblH <:I)yHKLi;HOHA.r[bHbIH AUA.J1113 

JXjIH MHOrHX KOHCTpyKn,HH H peSyjIbTaTOB TpaflHn,HOHHOH MaieMaTHKH 

MOJKHO yxaaaTb HHTepecHbie H^eMnoTeHTHbie anajiorH. B nacTHOCTH, 

3T0 OTHOCHTCa K OCHOBHbIM KOHCTpyKI^HSM H TBOpeMaM 4)yHKIi;HOHajIbHOrO 

anajiHsa. HfleMnoTeiiTiibiii (J)yHKii;HOiia.rrbiiL.iH aiiajiHS 5iBJiaeTC5i aScTpaKTHoii 
Bepcneii HfleivinoTeHTHoro aHajinsa. jJ^Jin npocTOTbi HSJiojKeHHa nojiojKHM 

S — Rmax, H nyCTb X — npOH3BOJIbHOe MHOiKeCTBO. HfleMnOTGHTHOe 

HHTerpHpoBaHHe aaflaeTca 4)opMyjiOH (1), HanHcaHHoii Bbime. OyHKn,H0Haji 
/(</?) JiHHeen na^ S, h ero anaHeHHa cooTBeTCTByiOT npe;T,e.rrbHbiM SHaneHHaM 
cooTBGTCTByiomHx anajToroB cyMM .JTeSera (hjth PHMana) . HTieMnoTeHTHoe 
CKajiapHoe npoHSBe^eHne flByx 4)yHKii;HH (pmi/j onpeflejiaeTca (i)op]viyjiOH 



no3TOMy ecTecTBeHHO nocTpoHTb H;i;eMnoTeHTHbie anajiorH HHTerpajibHbix 
onepaTopoB b bh^b 



r^e (p{y) — 3JieMeHT npocTpancTBa 4)yHKii;HH, onpe;i,ejieHHbix na MHOJKecTBe 
Y, a K{x, y) — c|)yHKn,Hfl, aaflaHnaa na X x y , h npHHHMaiomaa 
3Ha^ieHHa b S . Kax H3BecTH0, BbipajKenHa noflo6Horo THna CTanflapTHbi 
fljia TeopHH onTHMH3an,HH. 

HanoMHHM, HTO onHcaHHbie Bbime onpe/i,ejieHHa h KOHCTpyKn,HH MoryT 
6biTb ycneniHO o6o6meHbi na cjiynaii HfleMnoTeHTHbix nojiyKOJien,, KOTopbie 
ycjiOBHO nojiHbi b CMbicjie CTanflapTHoro nopaflKa. Hcnojib3ya HHierpaji 
MacjiOBa, mojkho CKOHCTpynpoBaTb pa3JiHHHbie 4)yHKii;H0HajibHbie npocTpancTBa, 
a xaKJKe H/ieMnoTeiiTHyio BepcHio TeopHH o6o5in;eHHbix (J)ynKn;HH (pacnpeflejienHH) . 

/^Jia HeKOTOpblX KOHKpeTHblX H^eMHOTeHTHblX 4)yHKIi;H0HajIbHbIX npocTpaHCTB 
^0Ka3aH0, HTO KajKflblii "xOpOniHH" JIHHefiHblH (b H^eMHOTeHTHOM CMblCJie) 

onepaTop MOJKeT 6biTb npeflCTaBjien b bh^b (10). 3to yTBepjKflenHe 
aBjiaeTca HfleMnoTeHTHOH BepcHeii TeopeMbi Jl. IIlBapn,a o a/xpe: pesy.^bTaTbi 
TaKoro po/xa Smjth nojiyHenbi B. H. KojiOKOJibn,OBbiM, n. C. /Iy/],HHKOBbiM, 
H C. H. CaMSopcKHM, H. SnHrepoM, M. A. IlIy6HHbiM h ^pyrHMH 
aBTopaMH, CM.,HanpHMep, [44,96,122,123,158]. TaKHM o6pa30M, Ka^K^bifi 
"xoponiHH" jiHHeHHbiH c|)yHKn;HOHaji npeflCTaBHM b BH^e </? i— > (</?, "0) , 
r^e (, ) - HfleMHOTeHTHoe CKajiapnoe npoH3BefleHHe. 

B paMKax H;i;eMnoTeHTnoro (J)yHKii;HOHajibHoro aHajTH3a pe3yjibTaTbi 
SToro THna MorvT SbiTb ;i,0Ka3aiibi b o^enb oSnieii CHTvauHH. B paSoTax 
[108-112] pa3BHTa ajireSpaH^ecKaa Bepcna H/i,eMnoTeHTHoro 4)yHKn;HOHajibHoro 
aHajiH3a. 3to 03HaHaeT, hto ocnoBHbie TonojiorHHecKHe nonaTHa h 





K{x, y)Q^{y) dy = sup{K{x, y)+^{y)}, (10) 
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peayjibTaTbi MOflejinpyiOTCfl b ^hcto ajireSpaH^ecKHx TepMHHax. HocTpoeHHaa 
TeopHfl oxBaTbiBaeT npe^MeT, naMHHafl c ochobhbix noHHTHii h peayjiBTaTOB 
(nanpHMep, H;i;eMnoTeHTHbix anajioroB SHaivieHHTbix TeopeM Xana-Banaxa, 
Banaxa-IIlTeHHrayaa, Pncca h Pncca-OHinepa) h BKJiiOHaa H^eMnoxeHTHbie 
anajiorn onpe^ejieHHH h peayjibTaTOB ATpoTen^^HKa (A.Grothendieck) 
no TonojiorHHecKHM TenaopHbiM npoH3Be^eHHaM, aflepHbiM npocTpancTBaM 
H onepaTopaM. Cc|)opMyjiHpoBaHa a6cTpaKTHaa Bepcna TeopeMbi o a^pe. 
Otmcthm, ^to nepexoTi, ot o6biMHOH TeopHH k H^eMnoTenTHOMy 4)yHKiiH0HajibH0My 
anajiHsy MOiKei 5biTb BecbMa HeipHBHajibKbiM. TaK, nanpHMep, cymecTByeT 
Mnoro neH30Mop(J)nbix HfleMnoienTnbix rHjib6epT0Bbix npocTpancTB. 
BajKBbie peayjibTaTbi HfleMnoTenTnoro c|)ynKn,Honajibnoro anajinaa (TeopeMbi 
o ^BOHCTBei-iHOCTH H OT^^ejiHMOCTn) He^aBHO ony6jiHKOBajiH r. K03H, 
C. FoSep, H >K.-n. KBaztpa [26]; KonenHOMepnaa Bepcna TeopeMbi 06 
OT^ejiHMOCTH ony6jiHKOBaHa b [183]. riocjie^nee BpeMa HfleMnoTenTHbin 
4)yHKii;H0HajibHbiH anajina npHnjiexaei noBbimennoe nnnManne, cm., 
nanpHMep, [2-5,27,68,105,113,149,158,159,178] n pa6oTbi, ii,HTHpoBannbie 
Bbime. 

10. riPEOBPASOBAHHE flEKBAHTOBAHH5I H 0B0BLL1;EHHE 
MHOrorPAHHHKOB HbKDTOHA 

B 3T0M pas/xejie mh KpaiKO o6cyflHM peayjibiaibi, onySjinKonannbie 
B paSoTe [113]. JXjih cl^ynKunii, onpe/^ejiennbix na C" ho^th BCT07i,y, 
MOJKiio nocTpoHTb npeo6pa30Baime ;i,eKBaiiTOBaiiHa f ^ f, nopo>K^eiiiioe 
;i;eKBaHTOBaHHeM MacjiOBa. JJ^Jisi nojinnoMHajibHon (J)yHKii,HH / cy6;i;H4)4)epeHii,Haji 
df 4)yHKii;HH / coBnaflaeT c MHororpannnKOM HbiOTona nojinnoMa /. 
JXjisi nojiyKOJibii;a nojinnoMOB c HeoTpHii;aTejibHbiMH K03c|)c|)Hii;HeHTaMH 
npeo6pa30BaHHe j^eKBaHTOBanna aBJiaeTca roMOMop(|)H3MOM 3Toro nojiyKOJibii;a 
B H;i;eMnoTeHTHoe nojiyKOJibii;o BbinyKJibix MHororpannnKOB OTHOCHTejibno 
xopomo H3BecTHbix onepaii;HH MnnKOBCKoro. 3th pe3yjibTaTbi MoryT 
6biTb o6o6iii,enbi na mnpoKHn Kjiacc 4)ynKii,HH n BbinyKjibix MnojKecTB. 

10.1. npeo6pa30BaHHe ^eKBaHTOBaHHH. PaccMOTpnM TonojiornnecKoe 
npocTpancTBO X. ^Jia (J)ynKnHH f{x), onpe/i,ejiennbix na X, 6yfleM 
roBopnTb, nTO neKOTopoe cbohctbo Bbinojinaeica nonmu ectody (n.B.), 
ecjiH ono cnpane^JinBO fljia Bcex ajieMenion x h3 OTKpbiToro Bcmjij 
njiOTHoro no^MHOJKecTBa b X. Bbi6epeM b KanecTBe X MHOiKecTBO C" 
HJTH R"; o6o3naTiHM Mepe3 TVl_ MHOJKecTBO x = {{xi, . . . ,Xn) G X \ 
Xi > 0, rfle i = l,2,...,n}. ^Jia x = (xi,...,,x„) G X hojiojkhm 
exp(x) = (exp(a;i), . . . , exp(a;„)); TaKHM o6pa30M, ecjin x e R", to 
exp(x) e R^. 
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06o3HaHHM ^epea ^(C") MHOiKecTBO Bcex (J)yHKn,HH, nenpepbiBHbix 

Ha OTKpblTOM BCIOfly njIOTHOM nOflMHOJKeCTBe U C C", npHMBM U D 

R". Bo Bcex HHiKe npHBe^ennbix npHMepax mm paccMOTpHM ^a>Ke 
6ojiee peryjiapHbie (|)yHKii;HH, KOToptie rojTOMop(J)Hbi b U. OMeBH;i;HO, 
HTO JF(C") — KOJibii;o (h ajireSpa na^i, C) no OTHomeHHio k oSbinnoMy 

CJIOJKeHHK) H yMHOJKeHHK) (|)yHKIi;HH. 

^Jia / e ^(C") onpeflejiHM c|)yHKn,Hio fh no cjieflyiomen c|)opMyjie: 
h{x) = h\og\fiexpix/h))\, (11) 
r^e h (Majibin) nemecTBennbin napaMeip, a a; G R*^. IIojiojkhm 

/>) = limA(x), (12) 

ecjiH npe^eji b npaBoii nacTn paBencTBa (12) cymecTByeT noHTH BCiofly. 
HaaoBBM c|)ynKn,Hio f{x) deneaHmoeaHueM 4)ynKn,HH f{x), a npeo6pa30BanHe 
f(x) I— > f(x) — npeo6pa3oeaHueM deKeaumoeaHUH. Ho nocTpoennio 
fh{x) H f{x) MoryT 6biTb paccMOTpenbi xax c|)ynKn;HH, npnnnMaiomHe 
ana^enna b Rmax- Otmcthm, hto na caMOM ^ejie fh{x) n /(x) sanncaT 
TOJibKO OT cyjKennfl (J)ynKn,HH / na noflMnoiKecTBO R!J: ; nosTOMy (J)aKTHnecKH 
npeoSpaaonanne fleKBanTonanna aa^aeTca fljia (J)ynKn,nH, onpe^ejiennbix 
TOJibKO na R" . HonaTHO, hto npeo6pa30BaHHe ^eKBaiiTOBanna nopoiK^eno 
;i;eKBaHTOBaHHeM MacjiOBa n OToSpajKenneM x ^ \x\. PasyMeeTca, 
anajiorHHHbie onpe^ejienna MoryT SbiTb flanbi h fljia (i)yHKn;HH, aa^annbix 
na R" H Yi\. 

06o3nanHM Mepea V MnojKecTBO R", paccMaTpnBaeMoe KaK jinneiinoe 
3BKjinflOBO npocTpancTBO (co CKajiapnbiM nponsBeflenneM (x, y) — Xiyi+ 

X2y2 + ■ ■ ■ + XnUn) H nOJIO>KnM V-^ = R" . HaSOBCM (J)yHKnHTO / G 

JF(C") deKeamnyeMou, ecjin ee fleKBanTOBanne f{x) cyin,ecTByeT (n 
onpe^ejieno na otkpbitom BCioji,y njiOTnoM no^MnojKecTBe b V) . 05o3nannM 
nepea P(C") MnojKecTBO Bcex /],eKBanTyeMbix (J)ynKn,nH n nycTb 'DiV) 
oananaeT MnoiKecTBO { / | / G ©(C") }. HanoMHHM, hto 4)yHKn;HH 
H3 X>(C") (h V{V)) onpeflejienbi nonra BCio^y n paBencTBO f — g 
oananaeT, hto f{x) = g{x) j^Jisi JiioSoro x na OTKpbiToro BCioji;y njioxnoro 
no;i;MHO>KecTBa b C" (cooTBeTCTBenno b V). 06o3HaHHM nepea r'+(C") 
MnojKecTBO Bcex c|)ynKn,nH / G P(C") laKHx, hto f{xi, . . . ,Xn) > 0, 
ecjiH Xi > fljia i — l,...,n; Tor^a / G 'D+(C"'), ecjin cyjKenne 
/ na = R" aBjiaeTca HeoTpnn,aTejibnoH c])yHKHHeH. OSoanannivi 
nojiynennbiH b peayjibTaTe /xeKBanTOBanna oSpaa MH0>KecTBa ■D+(C") 
nepea V^{V). FoBopaT, hto 4)yHKu,HH /, (? G V{C'^) iiaxo^iaTca b o6mfiM 
noAocHceHuu, ecjin f{x) ^ 'g{x) jiflsi sjieivieHTOB x, npo6eraioiii,Hx OTKpbiToe 
BCiOfly njiOTnoe MnojKecTBO b V . 
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JXjisi 4)yHKn,HH f,g& P(C") h HenyjieBOH KOHCTanTbi c, Bepnbi cjie/],yiomHe 
paBencTBa: 

1) Tg-f+J; 

2) |/V/;c/ = /;c = 0; 

3) (/ + g){x) = max{/(a;), ^(a;)} n.B., ecjiH fug HeoTpHii;aTejibHbi 
Ha V+ (to ecTb f,g& 'D^{C'^)), hjih f -a g — c|)yHKii;HH o6iii;ero 

nOJIOKGHHa. 

JleBbie nacTH sthx ypaBnenHH onpe^ejienbi aBTOMaTHHecKH. 

MnoiKecTBO I^+(C") HMeei ecTecTBenHyio CTpyKiypy nojiyKOJibLi,a 
OTHOCHTejibHO o6biMHoro cjioJKeHHfl H yMHOJKeHHfl c|)yHKn,HH, npHHHMaiomHx 
3HaHeHHe b C. MnoiKecTBO T>j^(y) HMeeT ecTecTBeHHyio CTpyKTypy 
HfleivinoTeHTHoro nojiyKOJibii;a OTHOCHTejibHO onepaii;HH (/ © g){x) = 
max{f{x),g{x)}, {fQg){x) = f{x)+g{x)] 3.rreMeiiTbi h3 V^iV) mojkho 
paccMaipHBaTb KaK cjjyHKi^HH, npHHHMaiomHe SHaneHHa b Rmax- ripeoSpaaoBaHHe 

fleKBaHTOBaHHfl nOpOJKflaCT rOMOMOp4)H3M H3 ©^(C"^) B 

10.2. IIpocTbie cJ)yHKi];HH. ^Jia Jiio6oro HenyjieBoro HHCJia a E C 
H jTioSoro BCKTopa d — {di, . . . ,dn) & V — R" bojiojkhm ma,dix) — 
a nr=i ^i'] 4>yHKn;HH xaKoro BH^a 5y^eM Ha3biBaTb o6o6vi,eHHUMU MonoMaMU. 
06o6iii,eiiHbie mohomm onpe;i;ejieHbi n.B. na C" h iia ho ne na 
V , HCKjiiOHaa cjiynaii, Kor^a di sBjiaiOTca n,ejibiMH hjih HOflxoflflin,HMH 
pan,HOHajibHbiMH MHCJiaMH. Ha30BeM 4)yHKn,Hio / o6o6'meHHUM tioauhomom, 
ecjiH ona HpeflCTaBjiaeT coSoh KoneHHyio cyMMy JinneiiHO He3aBHCHMbix 
oSoSnieHHbix mohomob. HanpHMep, nojiHHOMbi Jlopana HBjiHiOTCfl o6o6meHHbiMH 

nOJIHHOMaMH. 

KaK o6biHHO, fljia x,y G V nojiojKHM {x,y) = XiUi + • • • + 
JlerKO noKa3aTb, hto ecjin / — o6o6iii;eHHbiH mohom ma^d(x), to / — 
jiHHeiiHafl 4)yHKHHH x i— > {d^x). Ecjih / — o6o6meHHbiH bojiheom, to 
/ — cy6jTHHeHHaa (J)yHKn,Ha. 

HanoMHHM, HTO BemecTBeiiiiaii (|)yiiKii,H5i p, onpe;i;ejieHHa5i yic^V — 
R'*, cy6AUHeuHa, ecjin p = sup^p^, r;i,e {pa} — ceMeiicTBO jiHHeiiHbix 
4)yHKii;HH. Cy6jiHHeHHbie c|)yHKii;HH, onpeflejiennbie BCiofly naV — R", 
BbinyKJibi; cjie;iOBaTejTbiio, oiih HenpepbiBHbi. B ;i;ajibHeHmeM mm 6yfleM 
paccMaTpHBaTb TOJibKO TaKHe cy6jTHHeHHbie (J)yHKii;HH. HycTb p — nenpepbiBnaa 
4)yHKn,Ha na V, Tor^a p cySjiHHefiHa b to^hocth Tor^a, Kor^a 

1) p{x + y) < p{x) + p{y) fljifl Bcex x,y eV; 

2) p{cx) — cp{x) fljia Bcex x &V, c & R+. 

EcjTH Pi, P2 — cySjTHHeiiHbie c|)yHKn,HH, to pi + P2 TaKJKe flBjiaeTCfl 
cySjiHHeiiHOH (J^yHKi^Hefi. 

Ha30BeM c|)yHKii;Hio / e JF(C") npocmou, ecjiH ee ^eKBaHTOBanne 
/ cymecTByeT h n.B. coBna^aeT c neKOTopon cy6jiHneHnoH 4)ynKn,HeH. 
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JXonjCKan BOJTbHOCTb pe^H, SyflGM oSosHanaTb aiy (oflHoana^HO onpeflejienHyio 
BCio;i;y iia V") cySjiHHeiiHyio 4)yHKii;Hio tbm >Ke chmbojiom /. 

HanoMHHM, HTO npocTbie (|)yiiKii,HH f g anjiaiOTca 4)yHKii;HaMH 
e o6vj,eM nojioMcenuu, ecjin f{x) ^ 'g{x) ecex x h3 OTKpbiToro 
Bciofly njioTHoro MHO>KecTBa b l^. B nacTHOCTH, o6o6meHHbie mohomm 
HaxoflaTca b o6iii;eM nojiojKenHH Tor^a h tojibko Tor;i,a, Kor;i,a ohh 
jiHHeiiHO HeaaBHCHMbi. 

06o3HaHHM Hepes Sim,{C^) — MHOiKecTBO Bcex npocTbix c|)yHKii;HH, 
onpe;i;ejieHHbix na V, h o5o3HaHHM nepea Simj^{C^) MHOJKecTBO 
5'm(C")nP_i_(C"^). Mepea Shl(y) oSoana^M MHOJKecTBO Bcex (nenpepbiBHbix) 
cy6jiHHeHHbix 4)yHKn,HH, onpeflejiennbix naV — R", a Mepea Shlj^iV) 

o6o3HaHHM o6pa3 5'zm+(C") MHOJKecTBa <S'im+(C"') npn npeo6pa30BaHHH 
^eKBaHTOBanna . 

MHO>KecTBO Simj^{C^) aBjiaeica noflnojiyKOJibnoM b I?+(C"), h 
Shlj^(y) aBJiaeTca HfleMnoTeiiTiiuM noflnojiyKOJibiiOM b T>j^(y). HpeoSpaaoBaHHe 
;i;eKBaHTOBaHHa nopojK;i;aeT 3nHMop4)H3M nojiyKOJibii;a Sim j^{C'"') 
Ha Shlj^iy). MnoiKecTBO ShliV) aBJiaeica HfleMnoTeHTHbiM nojiyKOJibii;oM 
OTiiocHTe.rrbHO onepaii;HH (/ © g){x) — max{/(x), (/ g){x) — 

f{x) +g{x). 

Kone^HO, nojiHHOMbi h oSoSmennbie nojiHHOMbi abjiaiOTca npocTbiMH 
4)yHKn,HaMH. 

By^eM roBopHTb, hto c|)yHKn,HH f,g& 'C(^) acuMnmomuuecKU aKeueaAenmHU, 
ecjiH f — npocTyio 4)yHKii;Hio / ria30BeM acuMnmomuHecKUM mohomom, 
ecjTH / — jiHHeHHaa (J)yHKHHH. IlpocTaa c|)yHKHHa / 6y/i,eT Ha3biBaTbca 
acuMnmomuuecKUM hoauhomom, ecjiH / aBJiaeTca cyiviMOH KoneHHoro 

HHCJia He3KBHBajieHTHbIX aCHMBTOTHMeCKHX MOHOMOB. KaJKflblH aCHMnTOTHHeCKHH 

nojiHHOM aBjiaeTca npocToii 4)yHKn,HeH. 

IlpHMep. HpHMepaMH acHMnTOTH^iecKHx nojiHHOMOB cjiy>KaT o5o5meHHbie 

nOJIHHOMbI, JI0rapH4)MHHeCKHe (J^YHKHHH OT (o6o6TTieHHbIx) nOJIHHOMOB, 

npoH3BefleHHa nojiHHOMOB h jiorapH(|)MHMecKHx 4)yHKn,HH. 3to cjie^yeT 
H3 HaniHx onpeflejieHHH h c|)opMyjibi (11). 

10.3. Cy6^HcJ)cJ)epeHi];Hajibi cy6jiHHeHHbix c|)yHKi];HH h MHO^cecTBa 
HbiOTOHa ^JiH npocTbix c|)yHKi];HH. Xopomo H3BecTH0, hto coBOKynnocTb 
Bcex BbinyKjibix KOMnaKTHbix no/iMHOJKecTB b R" o5pa3yeT H/i,eMnoTeHTHoe 
nojiyKOJibn,o S OTHOCHTejibHO onepan,HH MnnKOBCKoro: fljia A^BeS 
cyMMa A ® B ABjiaeTCH BbinyKjioii o6ojiohkoh oS^be^HHenHH AVJ B\ 
npoH3Be^eHHe AqB onpeflejiaeTca cjie^yioinHM o6pa30M: AqB — {x \ 
X = a -\-b, Tflfi a E A,b G B }. Ha caMOM ;i;ejie MHOJKecTBO S aBJiaeTca 
H^ieMnoTeHTHbiM jTHiieHiiLiM npocTpaiiCTBOM iiaoi, Rmax (cm., rianpHMep, 
paSoTy [110]). PasyMeeTCfl, MHororpanrmKH HbiOTOHa b npocTpancTBe 
V o6pa3yiOT noflnojiyKOJibn,o N" b S. 
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BocnojibsyeMCfl neKOTopbiMH ajieivieHTapHbiMH peayjibTaTaMH h3 BbinyKjioro 
anajiHsa. 3th peayjibiaTbi mojkho naiiTH, nanpHMep, b KHHre [118]. 
^jia JI1060H 4)yHKii;HH p £ Sbl(V) nojiojKHM 

dp ^ {v eV \ {v,x) < p{x) yx eV}. 

H3 BbinyKJioro anajinaa xopomo H3BecTH0, hto ^Jia J11060H cy6jiHHeHH0H 
4)yHKii;HH p MHOiKecTBO dp ecTb B TOHHOCTH cy6du(f)(f)epeHViUaA ot p b 
HVJieBOH TOHKe. Cjieflyiomee yTBepjK^eHne TaKJKe xopomo naBecTHO h3 
BbinyKJioro anajiHsa: 

npe^jio:aceHHe 1. nycmt pi^p2 G Shl{V), mozda 

d{pi +P2) = dpi dp2 = 
{v & V \ V = vi + V2, sde vi G dpi,V2 G dp2 }; 
d{msLK{pi{x),p2{x)}) = dpi © dp2. 

IJycmb p G Sbl{V). Tosda dp — nenycmoe eunyKAoe KOMnanmHoe 
nodMHOotcecmeo e V . 

Cjie^CTBHe 1. Omo6pacHceHue p ^ dp HOAHemcH 20MOMop(pu3MOM 
udeMnomeHmHozo noAyKOAtv^a Sbl(V) e udeMnomeHmHoe noAyKOAtv^o 
S ecex eunyKAUx KOMnaKmnux nodMHOotcecme MUOMcecmea V . 

JXrh J11060H npocTOH c|)yHKii;HH / G Sim{C"') o6o3HaHHM Hepe3 N{f) 
MHOJKecTBO d{f). Ha30BeM A^(/) MHOotcecmeoM Hhtomona 4)yHKii,HH 
/. H3 npHBe^GHHoro yTBep>K/i,eHHa cjie^yeT, ^to /ijia jiio6oh npocToii 
(J)yHKii,HH / ee MHOJKecTBO HbiOTona N(f) aBjiaeica nenycTbiM BbinyKjibiM 

KOMnaKTHbIM nOflMHOJKeCTBOM B V. 

TeopeMa. IJycmb fug— npocmue (fiyHKu,uu. Tozda 

1) N{fg) = N{f) N{g) = {v ^ V \ v = + V2 , zde ^ 
N{f),V2eNig)}; 

2) N{f + g) — N{f) © N{g), ecAU f\ u /2 — (pyuKUtUU e o6vj,eM 
noAootcenuu uau /i,/2 G 5'im+(C") {uanoMHUM, umo N{f) © 
N{g) ecmb eunyKAan o6oAOHKa MHoatcecmea N{f) UN{g)). 

Cjie^CTBHe 2. TIpeodpasoeaHue f 1-^ N{f) nopootcdaem zoMOMopcfiusM 
U3 5zm+(C") e S. 

IIpe^jioxceHHe 2. Tlycmh f = ma^d{x) = cIliLi ^ (o6o6mfiHHUu) 
mohom; 3decb d = (di, . . . , dn) ^ V = ua - HeuyAeeoe KOMnACKCHoe 
HUCAO. Tosda N{f) = {d}. 

Cjie^CTBHe 3. IJycmb f = ^deD'^aa4 ^ (o6o6meHHUu) uoauhom. 
Tosda N(f) — MHOsospaHHUK (Bd&nid} , "^-e. AUHeunaH o6oAOHKa kohchhoso 
MHOotcecmea D. 
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3tot BbiBOfl cjieflyeT h3 TeopeMbi h HpefljioiKeHHfl 2. B stom cjiy^ae 

N{f) — XOpOmO H3BeCTHbIH KJiaCCHMeCKHH MHOrOrpaHHHK HblOTOHa 

nojiHHOMa /. no3TOMy cjieflyiomee cjie^CTBHe oneEHflHo: 

Cjie^CTBHe 4. IJycmb f — o6o6'LneHHUu uau acuMnmomuHecKuu hoauhom. 
Tosda 620 MHOotcecmeo Hhtomona N{f) neAHemcH eunyKAUM MHOsospaHHUKOM. 

IlpHMep. PaccMOTpHM oflHOMepHbiii cjiynaii, T.e. ^ = R h bojiojkhm 

/i = anX"" + a„_i,x"-^ H h oo h /2 = b„iX"^ + hm-ix"^'^ H h 6o, 

rfle an 7^ 0, 6m 7^ 0, 0,0 7^ 0, 6o 7^ 0. Tbr/ia N{fi) coBnajxaeT c OTpesKOM 
[0, n] H N{f2) - c OTpesKOM [0, m]. HoaTOMy npeo6pa30BaHHe / i— > A^(/) 
cooTBeTCTByeT npeo6pa30BaHHio / i— > deg(/), r^e deg(/) — CTenenb 
nojiHHOMa /. ripH 3T0M B cooTBeTCTBHH c TeopeMOH dcg{fg) — deg/ + 
deg^f H deg{f + g) = max{deg /, dcg (?} = max{n,m}, ecjiH Oj > 0, 
bi > HJiH ecjiH fug — Haxo;i;aTC5i b o5iii;eM nojiojKeHHH. 

11. ^EKBAHTOBAHHE rEOMETPHH 

HfleMnoTeHTiiaa Bepcna BemecTBeHHofi ajire6paHHecK0H reoMeTpHH 
6biJia OTKpbiTa O. Bnpo h npeflCTaBJieiia b ero ^lOKJia^ie iia KOiirpecce b 
Bapcejione [172]. Hcxo;i;a h3 HfleMnoTGHTHoro npHHLi,Hna cooTBeTCTBHa, 
O. Bnpo nocTpoHJi KycoHHO-JiHHeiiHyio reoMeTpnio MHororpannHKOB 
cnen,HajibHoro BH^a b KoneHHOMepHbix 3BKjiHflOBbix npocTpancTBax KaK 
pe3yjibTaT /teKBaHTOBaHHa MacjiOBa oSbiHHoii Beiii,ecTBeHHOH ajire6paHHecK0H 
reoMeTpHH. Oh yxasa^rr na Ba^KHbie npHjiojKeHHa k BemecTBGHHOH ajireSpaH^ecKoii 
reoMeipHH (nanpHiviep, b paMKax 16-oh npoSjieMbi rnjibSepia o nocTpoenHH 
BeinecTBeHHoro ajire6paHHecKoro MHoroo6pa3Ha c npe^nncanHbiMH CBoficTBaMH 
H napaMBTpaMH) h na CBa3b c KOMnjieKCHofi ajire6paHHecK0H reoMeTpneii 
H aMe6aMH b CMbicjie H. M. rejib4)aHfla, M. M. KanpanoBa h A. B. SejieBHHCKoro 
(cm. hx KHHry [61] h CTaTbio O. Bnpo [173]). 3aTeM KOMnjieKcnaa 
ajire6paHMecKaa reoMeipHa 6bijia fleKBaHTOBana T. MnxajiKHHbiM c tbm 
jKe pe3yjibTaT0M; 3Ta noBaa "HfleMnoTeHTnaa" (hjih acHMHTOTHMecKaa) 
reoMeTpHH Tenepb ^lacTO Ha3biBaeTca mponuHecKou aA2e6pauHecKou 
seoMempueu, cm., HanpHMep, [47,72,126-129,146,155,164,166]. 

CymecTBycT ecTecTBCHHaa CBa3b MCJKfly fleKBaHTOBaHHCM MacjiOBa 
H aMe6aMH. HycTb (C*)" — KOMnjiBKCHbiii Top , r^e C* = C\{0} — 
rpynna Heiiy.rrcBbix KOMnjiCKCHbix hhcbji no yMHOJKBHHio. ^Jia z — 

{Zi, . . . , Zn) G (C*)*^ H nOJIOiKHTejIbHOrO BemeCTBBHHOrO HHCJia h 0603HaHHM 
HBpB3 Log^(^) = /llog(l^l) 3JI6M6HT 

{hlog \zi\,h\og \z2\, . . . ,h\og \Zn\) G R". 
PaccMOTpHM KOMnjiBKCiioe ajTre6paHH6CK06 MHorooSpasne V C (C*)"; 

0603HaHHM H6p63 Ah{V) MIIO>KeCTBO ljOgi^{V). EcjIH /l = 1, TO MIIO>KeCTBO 

^(y) = ^i(y) Ha3biBaBTca aMe6ou b b cmmcjib khh™ [61], cm. 
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(a) (b) (c) 



Phc. 3. TponHMecKaa npaMafl h aMe6bi. 

TaKJKe [7,126,128,129,139,155,161,173]. AivieSa A{V) aBJiaeTca saMKiiyxbiM 
no;i;MHO>KecTBO]vi b R" c nenycTbiM flonojineHHeM. OTivieTHM, hto npHBe^eHHaa 
KOHCTpyKii;Ha aaBHCHT ot Bbi6opa CHCTeMbi KOopflnnaT. 

^jia npocTOTbi Bbi6epeM b KaHecTBe V rnnepnoBepxHOCTb b (C*)", 
onpe;],ejiaeMyio bojihromom /; Tor/ia cyniecTByeT 7i;e4)opMan,Ha SToro 
nojiHHOMa h t-^ fh, nopojK/ieHHaa fleKBanTOBaHHeM MacjiOBa, h //j = / 
fljifl h — 1. HycTb Vfi C (C*)" flBjifleTCfl MHOJKecTBOM Hyjieii nojiHHOMa 
fh, H Ah{Vh) — Log^(V/i). Torfla cymecTByeT TponHMecKoe MHoroo6pa3He 
Tro(y), TaKoe hto no;iMiio>KecTBa Ah{Vh) C R" cxo;i,flTC5i k TroiV) b 
MGTpHKe Xaycflopcjja npn /i — 0, cm. [126,151]. TponH^ecKoe Miioroo6pa3He 
Tro{V) aBJiaeTca peayjibTaTOM ;i;e(|)opMaii;HH aivieSbi ^(V^) h ;i;eKBariTOBaHHa 
MacjiOBa MHoroo6pa3Ha V. MnoiKecTBO Tro{V) nojiynnjio nasBaHHe 
cneAema aivieSbi AiV). 

npHMep [126]. Hjih npjiMOH V = { (x, y) G (C*)^ \ x + y + 1 =0} 
KycoHHO jiHHeiiHbiH rpa(J) Tro(V) npeflCTaBjiaeT coSoii TponHHecKyio 
npaMyio, cm. pHC. 3(a). AMe6a ^(V^) noKaaana na pnc. 3(b), Tor^a KaK 
pHC. 3(c) flBMOHCTpHpyeT cooTBBTCTByioinyio fle4)opMaii;Hio aMe6bi. 

B BajKiiOH pa6oTe [80] (cm. TaK»ce [47, 126, 128, 146]) xponHHecKHe 
MHoroo6pa3Ha BOSHHKaiOT KaK aMeSbi iia;i iieapxHMe;i,OBbiMH nojiaMH. 

B 2000 rofly M. Kohi^cbhh saMCTHJi, hto bosmojkho HcnojibsoBaHne 
HeapxHMC^OBbix aMe6 b nepeHHCJiHTejibHofi reoMCTpHH, cm. [126, paa^eji 
2.4, aaMCHaHHe 4]. McTOflbi TponHnecKoii reoMCTpHH hmbiot BajKHbie 
npHjTO>KeHHJi B ajire6paHHecK0H nepeMHCJiHTejiBHoii reoMCxpHH, HHBapnaHTax 
FpoMOBa-BHTTCHa H BejibineHJKe, cm. [59,72-75,126-129,155,156]. B 
HacTHOCTH, r. MnxajiKHH npcflCTaBHji H flOKaaaji b [127,129] 4)opMyjiy, 
nepcHHCJiaioinyio KpHBbie npoHSBOJibi-ioro po^a na tophhbckoh noBcpxHOCTH 
(cm. TaKJKC paSoTbi [60,72,73,131,155]). 

B nocjie^iiiee BpcMsi noiiBHJTOCb Miioro ^ipyrnx paSoT no TponnnecKOH 
ajireSpaHHCCKOM reoMCTpHH h ee npHJioaccHHaM k oSbiHHoii (nanpHMcp, 
KOMnjieKCHoii) ajire6paHMecK0H reoMCTpHH, a xaKJKe k flpyrHM o6jiacTflM, 
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CM., HanpHMep [7,55,56,76,131,134,135,168,169,171]. ^ejio b tom, ^to 
HeKOTopbie TpyflHbie TpaflHn,HOHHbie aa^aHH Moryi 6biTb CBeflenbi k 
Hx TponHHecKHM BepcHaM, KOTopbie, KaK M05KH0 HafleaTbca, ne Tax 
Tpy;i;Hbi. 

SaMGTHM, HTO TponHHecKaa reoMeTpna tgcho CBaaana c HSBecTHofi 
nporpaMMOH M. KoHii;eBHHa h 51. CoH6ejibMaHa, cm., nanpHMcp, [98, 
99]. 

BBe/iCHHe B TponH^ecKyio ajireSpaHMecKyio reoMCTpHio HSJioJKeHO b 
paSoTC [146] (cm. TaKJKC [166]). Tcm hc Mcnee, b n,ejiOM cflejianbi jiHinb 
nepBbie inarH b TponHMecKOH/H^eMnoTeHTHOH reoMCTpHH, h aaflana 
CHCTCMaTHMecKoro nocTpoeHHfl HfleMnoTCHTHbix BcpcHii ajire6paHHecK0H 
H anajiHTHHecKOH reoMCTpHH ocTacTca OTKpbiToii. 



12. nPHHIj;Hn COOTBETCTBH5I flJT5I AJirOPHTMOB H HX 
KOMnbK:)TEPHA5I PEA.r[H3AIj;H5I 

B HfleMnoTCHTHoii MaiCMaTHKe HMeeTca Sojibinoe kojih^cctbo BajKHbix 
npHKjia^Hbix ajiropHTMOB, cm., nanpHMep, [9,18,21,30,31,49,52,53, 
67-69, 72, 84, 87, 93, 96, 102, 104, 106, 107, 114-116, 127, 129, 146, 150, 
166, 174-176, 179. 186, 187]. HfleMnoTCHTHbiH npHHii;Hn cooTBCTCTBHa 
cnpaBe^I.rrHB KaK ^Jia ajiropHTMOB, TaK h fljia hx nporpaMMHOfi h annapaTHOii 
peajiH3aii;HH [102-104, 106, 107]. B nacTHOCTH, Sjiaroflapa npHHii;Hny 
cynepno3Hii;HH, oco6yio BaiKHOCTb npHo6peTaiOT ajiropHTMbi jihhbhhoh 
ajire6pbi. Xopomo hsbbctho, mto ajiropHTMbi jihhbhhoh ajirB6pbi yflo6Hbi 
^jin HapajTJie.nbHbix BbiMHCjreHHii; hx h^bmhotbhthmb anajiorH TaKJKB 
flOHycKaiOT pacnapajiJiBJiHBaHHB. IIoaTOMy hmbbtcs pBryjiapHbiH chocoS 

HCH0JIb30BaTb HapajIJIBJIbHbIB BblHHCJIBHHa flJIfl pBHIBHHa MHOrHX 3aflaM, 

BKJiiOHaa ocHOBHbiB saflaHH onTHMH3an;HH. Ilpn 3tom yflo6HO Hcnojib30BaTb 

yHHBBpCajIBHblB ajirOpHTMbI, KB 3aBHC5in];HB OT KOIIKpBTIIOrO nOJIVKOJIblia 

H OT Bro KOiiKpBTHOH KOMnbiOTBpiiOH MOflBJiH. IlporpaMMiiafl p6a.rrH3an;Ha 
nojiyKOJibn,BBbix ynHBBpcajibHbix ajiropHTMOB CTpoHTca na oStjBktho- 
opHBHTHpoBaHHOM H o6o6in;BHHOM (gBHBric) HporpaMMHpoBaHHH; nporpaMMHbiB 

MOflyjIH HMBIOT flBJIO C a6cTpaKTHbIMH (hBPBMBHHMMh) OHBpan,HflMH H 

THnaMH .^aHHbix, cm. [102,104,106,107,116]. 

HaH6ojiBB BajKHbiB H CTaHflapTHbiB ajiropHTMbi HMBIOT MHoro annapaTHbix 

pBajIH3ail,HH B BHflB TBXHHMBCKHX yCTpOHCTB HJIH CHBIl,HajIbHbIX HpOII,BCCOpOB. 

TaKHB ycTpoHCTBa MoryT CTaTb npoTOTnnaMH hobmx annapaTHbix ycTpoiicTB, 

HOpOJKflBHHblX 3aMBH0H TpaflHIi;HOHHbIX apH4)M6THHBCKHX OEBpaUHH lia 

HX HOJiyKOJibiiBBLiB aiiajTorii, CM. [102,104,107]. Y^ianiibiB n sc^xJdbkthbhmb 

TBXHHHBCKHB H^BH H pBinBIIHa MOryT 6bITb UBpBHBCBIIbl H3 HpOTOTHHOB 

B HOBbiB annapaTHbiB ycTpoiicTBa. TaKHM o6pa30M hphhii,hh cootbbtctbhh 
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nopojKflaeT peryjiapHbiii SBpHCTH^ecKHii Meiofl fljia KOHCTpynpoBaHHa 

MHOrOHHCJieHHblX yCTpOHCTB. 

13. HflEMnOTEHTHblH HHTEPBAJlbHblH AHAJ1H3 

H7i,eMnoTeHTHaa Bepcna Tpa/iHUHOHHoro HHTepBajiBHoro anajiHaa HSJiOiKeHa 
B pa6oTax [114,115]. HycTb S — H/xeMnoTeHTHoe nojiyKOJiBuo, na/xejieHHoe 
CTaHflapTHbiM nopaflKOM. SaMKuymuM unmepeaAOM b S naaoBeM MHoacecTBO 
BHfla X = [x, x] = {x e I X ::< X :< x}, r;i;e 3JieMeHTbi x :< x 
Ha3biBaiOTca Huotcneu h eepxHeu zpanuv^aMU HHTepBajia x. CAa6uM 
UHmepeaAbHUM pacmupenueM I{S) nojTyKOJibii;a S naaoBeM MHOJKecTBO 
Bcex saMKHyTbix HHTepBajiOB S c onepai^naMH © h 0, onpeflejieHHbiMH 
cjieflyioin,HM o5pa30M: x©y = [x©y, x©y], x0y = [x0y, x0 
y]. MnojKecTBO I{S) flBjiaeTCfl hobbim HfleMnoTenTHbiM nojiyKOJibn,OM 
OTHOCHTejibHO 3THX onepanHH. ^OKasano, hto ocHOBHbie HHTepBajiBHbie 
3a/xaMH H^eMnoTeHTHoii jiHHeiiHOH ajire6pbi hmbiot nojTHHOMHa.rrbHyio 
cjiojKHOCTb, Torfla KaK B oSbiHHOM HHTepBajibHOM anajiHse 3a;i,aMH TaKoro 
THna B o6iii;eM cjiynae hmbiot NP-cjiojkhoctb. ToHHbie HHTepBajibHbie 
pemeHHa fljia ^HCKpeTHoro CTaii;HOHapHoro ypaBHenna BejiJiMana (cm. 
MaTpHHHbie ypaBHenna, paccMOTpeHHbie Bbime, b pa3flejie 6) h ;i;jTa 
cooTBGTCTByiomHx onTHMH3an,HOHHbix sa^BH BOCTpoeHbi T. Jl. JIhtbhhobbim 
H A. H. Co6ojieBCKHM [114,115]. BjiH3KHe pe3yjibTaTbi 6bijiH nojiyMenbi 
B pa6oTe [22]. 

14. CB5I3b C KAM TEOPHEH H OnTHMAJlbHblM TPAHCnOPTOM 

Hpe^MeT TeopHH KojiMoropoBa-ApHOJTb7i,a-Mo3epa (KAM) mo>kho 
(jjopMv.^HpoBaTb KaK H3yHeHHe HnBapnaHTHbix noflMHOJKecTB b 4)a30Bbix 
npocTpaHCTBax HeHHTerpnpyeMbix raMHjibTonoBbix flHHaMHHCCKHx CHCieM, 
HMeiomnx Ty >Ke flHHaMHKy h Ty >Ke CTenenb peryjiapnocTH, hto h 
HHTerpnpyeMbie cncTeMbi (KBasHnepHOztH^ecKoe noBe;i;eime) . B nocjie;i;Hee 
Bpeivia 3aMeTHbiH nporpecc 6bLrr ;i,ocTHriiyT 6jTaro;i,apa BapHauHOiiiiOMy 
no;i;xo;i;y, b KOTopoM flHHaMHKa sa^aeTca ne raMHJibTOHnaHOM, a jiarpaHJKnaHOM. 
CooTBeTCTByioinaa Teopna 6biJia HHHii;HHpoBaHa pa6oTaMH C. 06pH 
(S. Aubry) h /I>k. H. Me3epa (J. X. Mather) h He^aBHO Ha3BaHa CAa6ou 
KAM meopueu b paSoTax A. OaTH (A. Fathi) (roTOBHTca k Bbixo;],y ero 
MOHorpa(i)Ha "Weak KAM Theorems in Lagrangian Dynamics" , cm., 
TaKJKC pa6oTbi [82,83,159,160]). MHHHMH3an,Ha HCKOToporo (i)yHKn,HOHajia 
BflOJib TpacKTopHH ^BH>Kyni;Hxca nacTHn; aBJiacTca n;eHTpajibHbiM nynKTOM 
;i;pyroH TeopnH, a HMeiiiio, TeopnH onTHMajibHoro TparicnopTa, KOTopaa 
HHTCHCHBHO pa3BHBaeTca. 3Ta Teopna bocxozi;ht k pa6oTe V. MoiiJKa 
"O BbiCMKax H nacbinax" (1781). CoBpeMCHHaa Bcpcna TeopHH hocht 
Ha3BaHHe meopun onmuMaAbHoso mpaHcnopma MoHotca-AMnepa-KaHmopoeuHa 
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(MAK) (nasBaHHe boshhkjio nocjie paSoTbi JI. B. KaHTopoBH^a [79]). 

HMeeTCa CXOflCTBO MeJK^y 3THMH flByMa TeOpHHMH H HMeiOTCfl B3aHM0CBa3H 

c aaflanaMH H;i;eMnoTeHTHoro c|)yHKii;HOHajibHoro anajiHsa (nanpHiviep, 
c aaflaneii o coScTBeHHbix (|)yHKiiH5ix "HfleMnoTeHTnux" HiiTerpajibHwx 
onepaTopoB, cm. [159]). HpHJioiKeHHa TeopHH onTHiviajibHoro TpancnopTa 
K TeopHH o6pa6oTKH flaHHbix B KOCMOJiorHH paccMaTpHBaiOTca, nanpHMep, 
B pa6oTax [15, 58]. 

15. CB5I3b C JIOrHKOH, HEMETKHMH MHO>KECTBAMH 
H TEOPHEH B03M0»CH0CTEK[ 

HycTb 5" — H^eMHOTeHTHoe nojiyKOJibn;o c HeiiTpajibHbiMH 3JieMeHTaMH 
H 1 (nanoMHHM, hto 7^ 1, cm. paa^. 2). Torzi;a 6yjTeBa ajire6pa 
B = {0, 1} aBJiacTca ecTecTBenHbiM noflnojiyKOJibn;oM b S. HoaTOMy 
S MOJKCT paccMaTpHBaTbca xax o6o6in;eHHaa (pacmnpeHHaa) jiorHxa 

C JIOrHMCCKHMH Onepan,HaMH © (flH3T3lOHKn,Ha) H (KOHT3lOHKn,Ha) . 

H;xeH TaKoro po^a o6cy»<;7i,aiOTca bo MHornx CTaTbax h MOHorpa4)Hax, 
nocBanteHHbix o5o6n],eHHbiM BcpcnaM KjiaccH^ecKOH h, oco6eHHO, KBanTOBoii 
jiorHKH, CM., nanpHMcp, [42,64,90,147,148]. 

HycTb Q aBjiacTca laK nasbiBaeMbiM ynHBcpcyMOM, cocToan],HM h3 
"sjieMeHTapiibix coSlithh". 06o3HaHHM nepes ^^(5") MnojKecTBO 4)yiiKii,HH, 
3a;i;aHHbix na ^2 h npnnHMaioniHx snaHeHHa b 5*; Tor;ia J^{S) npe^CTaBJiaeT 

C060H HfleMHOTCHTHOe nOJiyKOJIbn;0 OTHOCHTCJIbHO nOTOHCHHOrO CJIOJKCHHa 

H yMHOJKCHHa c|)yHKn;HH. HaaoBCM ajieMCHTbi h3 J-{S) o6o6meHHUMu 
HeuemKUMU MHoamecmeaMU, cm. pa6oTbi [64, 100]. Ecjih S — P, rfle P 
- OTpeaoK [0, 1] c onepan,HaMH © = max h = min, to mbi nojiy^HM 
KjiaccHHCCKoe onpeflejienHe ne^eTKoro MHOJKecTBa (JI. A. 3afle [180]). 
PaayMBBTca, (J)yHKn,HH h3 ^(P), npHHHMaioin,He anaHenHa b 6yjieB0H 

ajire6pe B = {0, 1} C P COOTBCTCTByiOT 06bIHHbIM MHOJKCCTBaM H3 Q, 

a nojTyKOJTbn;eBbie onepan;HH OTBC^iaiOT CTanflapTHbiM onepaHHaM na^i; 
MHOJKecTBaMH. B oSmcM cjiynae (j)yiiKii,HH h3 J-'{S), npHHHMaioni,He 
3HaHeHHa bB = {0,1} C S, MoryT paccMaTpHBaTbca KaK noflMHOJKecTBa 
B fi. Ecjih S — peniBTKa (t.b. xQy — mi{x,y} h x©y = sup{x,y}), to 

o6o6n],BHHbI6 HB^BTKHB MHOJKBCTBa COBHa^aiOT C L-HBHBTKHMH MHOJKBCTBaMH 

B CMbicjiB Jl^iK. A. ForBHa [63]. Mhojkbctbo HHTepBajiOB I{S) aBjiacTca 

HflBMHOTBHTHblM nOJiyKOJIbn,OM, (cM. pa3flBJI. 11), HOSTOMy 3JIBMBHTbI 

H3 J-{I{S)) MoryT paccMaipHBaTbca KaK HHTcpBajibKbiB (o6o6in,eHHbie) 

HeHBTKHB MHOJKBCTBa. 

KaK xopomo h3bbctho, KJiaccHHBCKaa TBopna neneTKHx mhojkbctb 

JIBJKHT B OCIIOBB TBOpHH B03M0JKH0CTBH [43,181]. PaSyMBeTCa, HCXO^ja 

H3 o6o6nj,ennoM tbophh hb^ibtkhx mhojkbctb, mojkho anajiorHHHbiM 
o6pa30M pa3BHTb o6o6n],BHHyio TBopnio bo3mo>khoctbh (cm., nanpHMcp, 
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[43,90,100]. 05o5meHHbie TeopHH Moryi SbiTb HeKOMMyTaraEHbiMH; 
OHH BbirjiflflaT 6ojiee KaHecTBenHbiMH h Menee KOJiHMecTBenHbiMH no 
cpaBHeHHK) c o6biHHOH TeopHGH, npe^CTaBJieHHOM B paSoTax [180,181]. 
Mbi BH^iHM, HTO H^eMnoTeHTHbiii anajiHS h Teopmsi (o6o6iii;eHHbix) neneTKHx 

MHOJKeCTB HMeiOT flCJIO C 0;1;HHMH H TeMH >Ke oSljeKTaMH, a HMGHHO c 

4)yHKii;H5iMH, npHHHMaioinHMH 3HaHeHHa B nojiyKOJibii;ax. TeM ne Menee, 
ocHOBHbie 3aflaHH H MeTO^bi ^Jia o6ohx Teopnii MoryT OTJinnaTbca (xax 
3T0 npoHcxoflHT c TeopHefl Mepbi H Teopneii BepoHTHOCTeii). 

16. nPHJIO»CEHH5I K flPyrPIM OB.nACT5IM H K CME»CHbIM 

HAYKAM 

Bbime o6cy»c;iajTHCb neKOTopbie npnjiojKeHHa H;i;eMnoTeHTHOH MaTeiviaTHKH 
K paajiHHHbiM TeopeTHHecKHM h npHKJia;i;Hbi]vi oSjiacTSM MaTeMaTHHecKoii 
HayKH H B3aHM0CBa3H H^eMnoTeHTHoii MaTeMaTHKH c flpyrHMH o6jiacTaMH. 
Pa3yMeeTca, OMenb ecTecTBeHHoii o6jiacTbio fljia npHjiojKeHHii Hfleii h 
MeTo;xoB H/ieMnoTeHTHOH MaTeMaTHKH aBjraiOTCfl Teopna onTHMH3anHH 
H Teopna OHTHMajibHoro ynpaBjienHH. Ho SToii TeMe HMeeTca onenb 
xopomaa o63opHaH CTaTba B. H. KojiOKOJibn,OBa [93]; cm., TaKJKe pa6oTbi 
[9, 18, 21, 25, 28-31, 35, 37, 38, 50-53, 67-69, 102, 104, 114, 115, 117, 119- 
124, 144, 174-176, 179, 186, 187]. 

Cyni;ecTByeT MHoro HHTepecnbix npHJiojKenHH k ^H(J)(J)epeiiii;HajTbiibiM 
ypaBHeHHaM h k CTOxacTHnecKHM flH(i)(i)epeHii;HajibHbiM ypaBnenHaM, 
CM., nanpHMcp, [50-53,69,91,92,94,96,119-123,138,159,160]. 

ripHjiojKeHHa K TeopHH Hrp o6cyjKflaiOTC5i, nanpHMcp, b [95,96,122]. 
CymecTByiOT HHTepecHbie npHjio>KeHHa b 6HOJiorHH (6HOHH4)opMaTHKe) , 
CM., HanpHMcp, [49,135,150]. CBfl3b c MaTCMaTHHecKOH Mop4)OJiorHeH h 
B03M0JKHbie HpHjiojKeHHa paccMaTpHBaiOTCs B CTaTbe n. ^eji Mopajia 
H M. ^ya3H [38] h oco6eHHO b pacniHpeHHOH npenpHHTHoii Bepcnn 
3T0H pa6oTbi. HMeexca Miioro HHTepeciibix BsaHMOCBasen c (J)H3hkoh h 
cooTBeTCTByioinHx npHJiojKeHHH (KBaiiTOBaa H K.rraccH^iecKaa 4^H3HKa, 
CTaTHCTHHCCKaa (i)H3HKa, KOCMOJiorna h t.;i,.) cm., nanpHMcp, pa3fleji 6 
Bbime H pa6oTbi [23, 92, 96, 110, 111, 117, 133, 145]. 

Pafl BaJKHblX B3aHM0CBfl3eH H npHJIOJKeHHii OTHOCHTCfl H K HHCTO 

MaTCMaTH^ecKHM o6jTacTaM. Tax nasbiBaeMaa TponHnecKaa KOM6HHaTopHKa 
oScyiK^acTCfl b Sojibinofi o63opHOH CTaTbe A.H.KnpHjijioBa [87], cm. 
TaKJKC [18,187]. HHTcpecHbie HpHjiojKCHHa TponnHCCKHx nojiyKOJien, k 
TpaflHii;HOHHOH TBopHH npeflCTaBJiBHHH paccMaTpHBaiOTca B pa6oTax 
[11,12,87]. TpouHHecKaa MaTCMaTHKa tccho CBa3aHa c BecbMa nonyjiapiioii 
Teopneii KJiacTepiitix a.rrre6p, ociiOBaiiiiOH C. Oomhiimm h A. Se.rreBHiiCKHM, 
CM. Hx o63opHyio paSoTy [57]. B o6ohx cjiynaax npocjieacHBaexca CBa3b 

C TpaflHn,HOHHOH TBOpHBH HpBflCTaBJIBHHH rpyHH JIh H C 6jIH3KHMH 
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aaflanaMH. HivieiOTCfl BaiKHbie cbssh c BbinyKjibiM anajiHSOM h c flHCKpeTHbiM 
BbinyKjibiM anajiHSOM, cm., nanpHMep, [2,27,30,32,40,113,118,123, 
157,183-185]. HeKOTopbie peayjibTaTbi no cjiojkhocth H^eMnoTenTHbix 
H TponHHecKHx BbiHHCJieHHii MorvT 6biTb iiaH;i;eHbi b pa6oTax [86,114, 
115, 170]. HnTepecHbie npHJiojKeHna TponHHecKoii ajire6pbi k TeopnH 
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Koc H K npeoSpaaoBaHHaM Hnra-BaKCTepa (b CMbicjie [16]) mo^kho 
naiiTH B paSoTax [34,45,46]. 

Ha^HHaa c H. H. BopoSbeBa [174-176], MHorne aBTopbi HcnojibsyiOT, 
aBHO HJiH HeaBHO, KOHCTpyKii;HH H peayjibTaTbi H;i;eMnoTeHTHOH MaTeiviaTHKH 
B MaTeMaTHHecKOH SKOHOMHKe, CM., HanpHMep, [33,95,123,182,187]. 
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